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a b s t r a c t 

Kirigami-patterned designs through photolithography technology present a promising set of strategy for highly 
stretchable conductors, which have been investigated to open up a wide range of novel technological solutions for 
various applications, such as stretchable bioprobe and wearable thermotherapy. The kirigami-patterned conduc- 
tors usually suffer steady temperature difference and consequent thermal load, because of the Joule heating effect 
under input voltages. The concealed relationships between thermal effects, geometric effects and mechanical re- 
sponses are of great significance for practical applications. Here, a closed-form analytical solution, considering 
the thermal effect and large curvature curved beam theory, is developed to study the stretchability and stiffness 
for a class of ribbon kirigami structures. Both of finite element method and experiments are performed to validate 
the accuracy and scalability of model. Comparisons of the developed closed-form stretchability and stiffness to 
the model with thermal effect absent present quantitative characteristic towards the thermal effect, the remark- 
able underestimate of stretchability (e.g., > 8% relatively) and overestimate of stiffness (e.g., > 5% relatively) 
can be induced by the thermal-effect-absent model for many representative ribbon kirigami patterns. Moreover, 
several demonstrations present the capability of developed model in optimization of ribbon-kirigami-patterned 
conductors under the thermal effect and practical geometry constraint conditions, achieving the most stretchable 
devices. This study provides the theoretical guide for kirigami-based conductor designs in applications. 
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. Introduction 

Kirigami, a Japanese art of paper cutting, has recently inspired the
esign of highly stretchable and morphable devices that can be easily
ealized by arranging a series of extremely delicate cuts into a 2D sheet
ade up of advanced materials [1–8] . The kirigami-inspired design

trategies hold great potential in a wide of range of applications, from
ltrastretchable bioprobes [9] , to wearable electronics/thermotherapy
 10 , 11 ], to diffraction gratings [12] , to force sensors [3] , to soft de-
loyable reflectors [13] , to triboelectric generators [14] and to trans-
arent electronic skin [15] . In order to bridge the vast design space
f possible kirigami-inspired metamaterial structures and the desired
unctionalities of the targeted physical effect, a wide variety of material
esign paradigms are developed, including the allowable pluripotent
aterials that root in polyvinylidene difluoride [16] , aluminum-doped

onductive material [10] , magneto elastomer [17] , metallic nanowire
einforced nanocomposite [18–20] , Kapton/GaAs [21] , graphene ox-
de/PVA [4] , Ag/aramid [22] and nanostructured materials (such as
arbon nanotubes, nano-crystals, nanowires, 2D materials) [ 23 , 24 ]. Of
hese paradigms, formation of kirigami-patterned stretchable conduc-
∗ Corresponding author. 
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or with high stretchability and stable conductivity presents a promis-
ng paradigm [ 23 , 24 ], as illustrated in Fig. 1 a, because of the im-
roved portability/biocompatibility with artificial microelectronic sys-
ems adapted to the trends in modern electronics, and the highly par-
llel mechanical-physical responses in kirigami structures and materi-
ls over the traditional materials [ 9–11 , 15 , 19 , 20 , 25–29 ]. In particu-
ar, the Joule heating effect in kirigami-patterned conductors allows
he formation of steady-state temperature difference and consequent
hermal load, during the tensile process of conductor with input volt-
ge [ 4 , 10 , 22 , 24 , 27 , 28 , 30 , 31 ]. This integrated system enables the high-
recision bioprobes and sensors, etc., in a reversible manner within the
lastic regime [ 3 , 9 , 10 , 12 , 21 , 26 , 28 ]. The assessment of feasibility and
eliability is a great challenge but urgent for those applications, as the er-
ors involving mechanical responses induced by thermal effects (such as
undreds of temperature difference) sometimes are dangerous to high-
recision devices, and an analytical model considering thermal effects is
equired to guide the optimization design to achieve the desired stretch-
bility, stiffness and geometry. Although the theoretical model have
een developed to investigate the stretchability and stiffness for spe-
ific kirigami patterns (i.e., straight cutting or curved cutting) [ 7 , 17 , 32–
7 ], these studies are mostly on the premise that thermal effects are
gnored [ 10 , 22 , 24 , 27 ], and it appears that there has been only limited
esearch into mechanical performance of kirigami-patterned structures
vember 2019 
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Fig. 1. (a) Schematic illustration of the kirigami-patterned polymer sheet with 𝛼= 0 can be highly stretchable as an electrical conductor device to wire LED [24] . 
(b) Schematic illustration of a representative ribbon kirigami unit cell subjected to an axial tensile displacement u app at two ends. (c) Schematic illustration of the 
simplified model for the ribbon kirigami unit cell. 
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nder the action of thermal effects (or loads). Especially, the previous
heories cannot be directly used to investigate the optimization problem
f kirigami-patterned structures with the most stretchability under the
ondition of thermal effects and practical geometry constraints. In this
aper, a closed-form analytical solution based on the consideration of
hermal effects and large curvature curved beam (LCCB) theory is devel-
ped to predict the stretchability and stiffness of ribbon kirigami with
hermal loads. The underlying relationships between thermal effects,
eometric effects and mechanical responses are unveiled. Accuracy and
calability of analytical solutions are comprehensively verified by com-
ining the tensile experiments, plane strain finite element method (FEM)
nd extensive atomistic simulations. The considerable underestimate of
tretchability (e.g., > 8% relatively) and overestimate of stiffness (e.g.,
 5% relatively) are found in some representative kirigami geometries,
hich show quantitative insights into the thermal effects on mechani-

al responses. Furthermore, several demonstrations present the devel-
ped model can be employed to enable optimization design of ribbon-
irigami-patterned conductors under the thermal effect and practical
eometry constraint for searching effectively the most stretchable rib-
on kirigami structures. 

This paper is organized as follows. Section 2 illustrates the geome-
ry of ribbon kirigami and describes the analytical model of normalized
tiffness and stretchability using Castigliano’s theorem, Moore Integral
ethod, and LCCB theory. Section 3 presents the analysis of the un-
erlying relationships between thermal effects, geometric effects and
echanical responses, using the developed model, FEM and available
odel without thermal effects. Accuracy and scalability verification of
eveloped model are also demonstrated in this section. Section 4 de-
cribes the designing of the maximum normalized stretchability consid-
 𝐿  
ring the thermal effects and practical geometry constraints. The con-
luding remarks are drawn in Section 5 . 

. Establishment of analytical model 

The key unit cell design of ribbon kirigami is combining with three
arts: the arm section with length of l , the connection section with length
f m , the curved section (arc) with arc angle of 𝛼 and radius of R , as de-
ailed in Fig. 1 b, which consequently forms an unidimensional periodic
ibbon kirigami structure (see the similar configuration in Fig. 1 a). Uti-
izing dimensional analysis approach, four dimensionless parameters,
he ribbon width/radius �̄� = 𝜔 ∕ 𝑅 , the arm length/radius 𝑙 = 𝑙∕ 𝑅 , the
onnection length/radius �̄� = 𝑚 ∕ 𝑅 and arc angle 𝛼, can be designated to
haracterize its different geometries. In particular, the ribbon kirigami
ecomes a straight ribbon when 𝛼= − 𝜋/2. 

To initiate the theoretical analysis with thermal effects, we consider
 plane strain model, which suppresses its lateral buckling, and then
 unit cell, using the configuration symmetry, can be straightforward
epresented by one quarter of the ribbon kirigami structure without the
onnection section. As seen in Fig. 1 c, the left end of simplified model
s clamped, and its right end is free but undergoes a force F /2 and a
oment M 0 . Subsequently, a homogeneous thermal load (i.e., constant

emperature difference) is applied to the model, which renders a resul-
ant force F th and a moment 𝑀 

𝑡ℎ 
0 with thermal effects. 

According to Fig. 1 b, the non-dimensionalization length �̄� = 𝐿 ∕ 𝑅 of
 unit cell of ribbon kirigami can be given in terms of the three dimen-
ionless parameters ( ̄𝑙 , ̄𝑚 and 𝛼), as follows [32] : 

̄
 ∕2 = �̄� + cos 𝛼 − ̄𝑙 sin 𝛼 (1)
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here �̄� = 2( ̄𝑚 + ̄𝑙 ) if 𝛼= − 𝜋/2. And the corresponding load-
isplacement ( F ′ and u ′ app ) relation for this straight ribbon can be
alculated by 

 

′
𝑎𝑝𝑝 

∕ 𝐹 ′ = �̄� ∕ 𝐸 ̄𝜔 (2)

here 𝐸 = ̄𝐸 ∕( 1 − �̄�2 ) is plane strain modulus, �̄� is Young’s modulus and
̄ is Poisson’s ratio. 

We consider the normalized stiffness of ribbon kirigami for the case
xcluding thermal loading and it can be defined as ̄𝑘 𝑒𝑓𝑓 = 𝐹 𝑢 ′

𝑎𝑝𝑝 
∕ 𝐹 ′𝑢 𝑎𝑝𝑝 .

ccording to our previous work [32] , the normalized stiffness �̄� 𝑒𝑓𝑓 
f ribbon kirigami can be given directly using the following relation:

̄
 𝑒𝑓𝑓 = 

80 𝐽 �̄� 2 
(
24 𝐽 ̄𝑙 + ( 𝜋 + 2 𝛼) ̄𝜔 2 

)
𝑍 1 ⎡ ⎢ ⎢ ⎢ ⎢ ⎣ 

480 𝐽 2 𝑙 4 + 480 𝐽 ̄𝑙 2 �̄� 2 + 1872 𝐽 2 𝑙 2 �̄� 2 + 1920 𝐽 2 𝑙 ̄𝑚 ̄𝜔 2 + 480 𝐽 ̄𝑙 𝜋�̄� 2 + 6
+80 𝐽 ̄𝑙 3 𝜋�̄� 2 + 960 𝐽 ̄𝑙 𝛼�̄� 2 + 1392 𝐽 2 𝑙 𝛼�̄� 2 + 160 𝐽 ̄𝑙 3 𝛼�̄� 2 − 40 ̄𝜔 4 + 80 𝐽
+98 𝐽 ̄𝑙 𝜋�̄� 4 + 80 𝐽 �̄� 𝜋�̄� 4 + 10 𝜋2 �̄� 4 + 29 𝐽 𝜋2 �̄� 4 + 196 𝐽 ̄𝑙 𝛼�̄� 4 + 160 𝐽 𝑚
+116 𝐽𝜋𝛼�̄� 4 + 40 𝛼2 �̄� 4 + 116 𝐽 𝛼2 �̄� 4 + 2 cos 2 𝛼𝑍 2 + �̄� 2 sin 2 𝛼𝑍 3 

where 

 1 = ̄𝐿 ∕2 (4a) 

 2 = 

( 

−20 ̄𝜔 4 + 40 ̄𝜔 2 + 4 𝐽 2 
(
60 ̄𝑙 4 + 114 ̄𝑙 2 �̄� 2 − 5 ̄𝜔 4 

)
+ 𝐽 �̄� 2 

(
240 ̄𝑙 2 + 40 ̄𝑙 3 ( 𝜋 + 2 𝛼) + ̄𝑙 ( 𝜋 + 2 𝛼) 

(
29 ̄𝜔 2 − 120 

))) 

(4b) 

 3 = 

(
216 𝐽 2 𝑙 − 10 ( 𝜋 + 2 𝛼) ̄𝜔 2 + 𝐽 

(
720 ̄𝑙 + 240 ̄𝑙 2 ( 𝜋 + 2 𝛼) + 49 ( 𝜋 + 2 𝛼) ̄𝜔 2 

))
(4c) 

 = 1 − �̄� ∕ ln ( ( 2 + �̄� ) ∕ ( 2 − �̄� ) ) (4d)

here J represents the effect of large curvature curved beam (LCCB) on
ormalized stiffness of ribbon kirigami. Then the combination of Eqs.
2) , (3) and Eq. (4) gives the following expression for solving the force
 : 

 = �̄� 𝑒𝑓𝑓 𝐸 ̄𝜔 𝜀 1 (5)

here 𝜀 1 = 2 𝑢 𝑎𝑝𝑝 ∕ ̄𝐿 and �̄� 𝑒𝑓𝑓 is provided in Eq. (3) to Eq. (4). To
urther derive the kirigami-patterned thermal loading closed-form
xpression of normalized stiffness, here we distinguish the contribu-
ions from mechanical loading F and non-mechanical loading 𝐹 𝑡ℎ 

𝑛𝑜𝑛 − 𝑚𝑒𝑐ℎ 
nduced by thermal strain: 

 

𝑡ℎ = 𝐹 − 𝐹 𝑡ℎ 
𝑛𝑜𝑛 − 𝑚𝑒𝑐ℎ (6)

For the linear superposition in Eq. (6) , the non-mechanical loading
ontribution is subtracted from the mechanical contribution, as the pos-
tive signed mechanical strain and thermal strain can cause an opposite
irection force [38] . The non-mechanical loading 𝐹 𝑡ℎ 

𝑛𝑜𝑛 − 𝑚𝑒𝑐ℎ induced by
hermal strain, as listed in Eq. (6) , can be expressed as the multiple of
 thermal loading stiffness with the strain under thermal loading, as
ollows: 

 

𝑡ℎ 
𝑛𝑜𝑛 − 𝑚𝑒𝑐ℎ = �̄� 𝑒𝑓𝑓 𝐸 ̄𝜔 𝜀 2 (7)

here 𝜀 2 = ( ̄𝐿 𝑡ℎ − �̄� )∕ ̄𝐿 and �̄� 𝑡ℎ is the non-dimensionalization length of
ibbon kirigami unit cell when the configuration is free to expand under
hermal effects, and is given by 

̄
 

𝑡ℎ ∕2 = cos 
((
1 + 𝜀 𝑡ℎ 

)
( 𝜋∕2 + 𝛼) − 𝜋∕2 

)
 ̄𝑙 
(
1 + 𝜀 𝑡ℎ 

)
sin 

((
1 + 𝜀 𝑡ℎ 

)
( 𝜋∕2 + 𝛼) − 𝜋∕2 

)
+ �̄� 

(
1 + 𝜀 𝑡ℎ 

) (8) 

here 𝜀 th = 𝜆ΔT is the thermal strain induced by a constant temperature
ifference ΔT , and 𝜆 represents the linear thermal expansion coefficient.

𝑀 

𝑡ℎ 
0 
𝐹 𝑡ℎ 

= 

( 

𝐴𝐼𝜋𝑅 + 2 𝐴 𝜀 𝑡ℎ 𝐼𝑅𝛼 + 2 𝐼𝑆 sin 
((
1 + 𝜀 𝑡ℎ 

)
( 𝜋∕2 + 𝛼) 

)
− 2 𝐴𝐼𝑅 sin 

((
1

+ 𝐴 
(
𝑙 + 𝜀 𝑡ℎ 

)2 
𝑙 2 𝑆 cos 𝛼 + 2 𝐴 

(
1 + 𝜀 𝑡ℎ 

)
𝑙𝑅𝑆 sin 𝛼 + 𝐴 𝜀 𝑡ℎ 𝐼𝜋𝑅 + 2 𝐴𝑙𝑅𝑆

2 𝐴 
(
1 + 𝜀 𝑡ℎ 

)
( 2 𝑙𝑆 + 𝐼 ( 𝜋 + 2 𝛼) ) 
 𝑙 𝜋�̄� 2 

 40 𝐽 2 �̄� 4 
+ 40 𝜋𝛼�̄� 4 

⎤ ⎥ ⎥ ⎥ ⎥ ⎦ 

(3) 

Then the insertion of Eqs. (5) and (7) into Eq. (6) gives the following
elationship: 

 

𝑡ℎ = �̄� 𝑒𝑓𝑓 𝐸 ̄𝜔 
(
𝜀 1 − 𝜀 2 

)
(9) 

Combining Eqs. (5) –(7) and (9) , the normalized stiffness with ther-
al loading �̄� ′ can be given by 

̄
 

′ = �̄� 𝑒𝑓𝑓 
(
1 − 𝜀 2 ∕ 𝜀 1 

)
(10) 

According to the LCCB theory and free-body diagram as illustrated in
ig. 1 b, the internal forces of arc section (see Fig. 1 a) under a resultant
orce F th and a moment 𝑀 

𝑡ℎ 
0 with thermal effects (i.e., thermal strain 𝜀 t )

an be calculated using the following relationship: 

 

 

 

 

 

𝑀 

𝑡ℎ 
𝑎𝑟𝑐 

= 𝐹 𝑡ℎ 𝑅 ( 1 − cos 𝜃) ∕2 − 𝑀 

𝑡ℎ 
0 

𝑉 𝑡ℎ 
𝑎𝑟𝑐 

= 𝐹 𝑡ℎ sin 𝜃∕2 
𝑁 

𝑡ℎ 
𝑎𝑟𝑐 

= 𝐹 𝑡ℎ cos 𝜃∕2 
(11) 

The corresponding internal forces with thermal effects in arm section
an be determined as follows: 

 

 

 

 

 

𝑀 

𝑡ℎ 
𝑎𝑟𝑚 

= 𝐹 𝑡ℎ [ 𝑅 ( 1 + sin 𝛼) + 𝑠 cos 𝛼] ∕2 − 𝑀 

𝑡ℎ 
0 

𝑉 𝑡ℎ 
𝑎𝑟𝑚 

= 𝐹 𝑡ℎ cos 𝛼∕2 
𝑁 

𝑡ℎ 
𝑎𝑟𝑚 

= − 𝐹 𝑡ℎ sin 𝛼∕2 
(12) 

here in Eqs. (11) and (12) M, V and N are the internal moment of the
ross section, the internal shear force and the internal normal force at
he centroid, respectively. 

Based on the Castigliano’s theorem and boundary condition

arc ( 𝜃 = 0) = 0 (see Fig. 1 b and c), we provide the following relationship
or determining the unknown 𝑀 

𝑡ℎ 
0 : 

 

)
( 𝜋∕2 + 𝛼) 

)
 𝜀 𝑡ℎ 𝑙𝑅𝑆 + 2 𝐴𝐼𝑅𝛼

) 

(13) 

where A = 𝜔 is the area of cross section, I = 𝜔 3 /12 is the second-area
oment of the cross section, and 𝑆 = 𝐽 �̄� represents the static moment

f the cross section on neutral axis. Here, the Moore Integral method is
esignated to solve the applied displacement under the thermal loading
 

𝑡ℎ 
𝑎𝑝𝑝 

, we get 

 

𝑡ℎ 
𝑎𝑝𝑝 

= 2 𝛿𝑡ℎ 
𝑎𝑟𝑐 

+ 2 𝛿𝑡ℎ 
𝑎𝑟𝑚 

+ 𝛿𝑡ℎ 
𝑐 𝑜𝑛𝑛𝑒𝑐 𝑡𝑖𝑜𝑛 

(14)

here 

𝑡ℎ 
𝑎𝑟𝑐 

= ∫
𝑠 𝑡ℎ 

0 

( 

𝑀 

𝑡ℎ 
𝑎𝑟𝑐 
�̄� 

𝑡ℎ 
𝑎𝑟𝑐 

∕ 𝐸𝑆𝑅 + 𝑁 

𝑡ℎ 
𝑎𝑟𝑐 
�̄� 

𝑡ℎ 
𝑎𝑟𝑐 

∕ 𝐸𝐴𝑅 + 

𝑀 

𝑡ℎ 
𝑎𝑟𝑐 
�̄� 

𝑡ℎ 
𝑎𝑟𝑐 

∕ 𝐸𝐴𝑅 + 𝑁 

𝑡ℎ 
𝑎𝑟𝑐 
�̄� 

𝑡ℎ 
𝑎𝑟𝑐 

∕ 𝐸𝐴 + 𝜅𝑉 𝑡ℎ 
𝑎𝑟𝑐 
𝑉 𝑡ℎ 
𝑎𝑟𝑐 

∕ 𝐺𝐴 

) 

𝑑 𝑠 1 (15) 

𝑡ℎ 
𝑎𝑟𝑚 

= ∫
𝑙 𝑡ℎ 

0 

(
𝑁 

𝑡ℎ 
𝑎𝑟𝑚 
�̄� 

𝑡ℎ 
𝑎𝑟𝑚 

∕ 𝐸𝐴 + 𝜅𝑉 𝑡ℎ 
𝑎𝑟𝑚 
𝑉 𝑡ℎ 
𝑎𝑟𝑚 

∕ 𝐺𝐴 + 𝑀 

𝑡ℎ 
𝑎𝑟𝑚 
�̄� 

𝑡ℎ 
𝑎𝑟𝑚 

∕ 𝐸𝐼 
)
𝑑 𝑠 2 (16) 

𝑡ℎ 
𝑐 𝑜𝑛𝑛𝑒𝑐 𝑡𝑖𝑜𝑛 

= ∫
𝑚 𝑡ℎ 

0 
𝑁 

𝑡ℎ 
𝑐 𝑜𝑛𝑛𝑒𝑐 𝑡𝑖𝑜𝑛 

�̄� 

𝑡ℎ 
𝑐 𝑜𝑛𝑛𝑒𝑐 𝑡𝑖𝑜𝑛 

∕2 𝐸 𝐴𝑑 𝜄 (17) 

here G is the shear modulus, 𝜅 is the correction coefficient s th and l th 

re arc length considering the thermal effects, �̄� , 𝑉 and �̄� are internal
orces when F th = 1, respectively. 

Furthermore, the hoop stress in arc section using LCCB theory can
e calculated by 

= 𝑀 

𝑡ℎ 
𝑎𝑟𝑐 
𝑦 ∕ ( 1 + 𝑦 ∕ 𝑟 ) ∫

(
𝑦 2 ∕ ( 1 + 𝑦 ∕ 𝑟 ) 

)
𝑑𝐴 + 𝑁 

𝑡ℎ 
𝑎𝑟𝑐 

∕ 𝐴 (18)

𝐴 
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here 𝑟 ∕ 𝑅 = ( 1 − 𝐽 ) = �̄� . After applying the physical equation, the max-
mum tension strain with thermal effects can be determined, as follows:

 

𝑡ℎ 
𝑚𝑎𝑥 

= − 𝑀 

𝑡ℎ 
0 ( 1 − �̄� ∕2 − ̄𝑟 ) ∕ 𝑆𝐸 ( 1 − �̄� ∕2 ) + 𝐹 𝑡ℎ ∕2 𝐸𝐴 (19)

here 𝑀 

𝑡ℎ 
0 has been given in Eq. (13) . 

The current investigation involves analyzing two important mechan-
cs indexes: the normalized stiffness and normalized stretchability. Here,
he normalizes stretchability with thermal effects ̄𝜀 ′ can be defined using
 continued equality [32] , i.e. 

̄ ′ = 𝜀 𝑡ℎ 
𝑎𝑝𝑝 

∕ 𝜀 𝑡ℎ 
𝑚𝑎𝑡 

= 𝜀 𝑡ℎ 
𝑎𝑝𝑝 

∕ 𝜀 𝑡ℎ 
𝑚𝑎𝑥 

(20)

here 𝜀 𝑡ℎ 
𝑎𝑝𝑝 

= 2 𝑢 𝑡ℎ 
𝑎𝑝𝑝 

∕ 𝐿 𝑡ℎ , 𝜀 𝑡ℎ 
𝑚𝑎𝑥 

, 𝜀 𝑡ℎ 
𝑎𝑝𝑝 

and 𝜀 𝑡ℎ 
𝑚𝑎𝑡 

are the applied strain, the
aximum strain of ribbon kirigami, the elastic stretchability and intrin-

ic failure strain of material, respectively. And the failure criterion is
iven by 𝜀 𝑡ℎ 

𝑚𝑎𝑥 
= 𝜀 𝑡ℎ 

𝑚𝑎𝑡 
. For brittle materials, such as silicon we investi-

ated in Section 3.3 , 𝜀 𝑡ℎ 
𝑚𝑎𝑡 

represents the corresponding intrinsic rupture
train. 

Combination of Eqs. (1) , (3) , (8) and (10) , the first key objective
owards the normalized stiffness with thermal effects is to derive the
on-dimensional functional forms of 
̄
 

′ = Ω
(
𝛼, ̄𝑙 , �̄� , �̄� , 𝜀 𝑡ℎ 

)
(21)

Equally, the non-dimensional functional forms of the normalized
tretchability with thermal effects �̄� ′ can be expressed as follows: 

̄ ′ = Γ
(
𝛼, ̄𝑙 , �̄� , �̄� , 𝜀 𝑡ℎ 

)
(22)

here the closed-form solutions with respect to the normalized stiff-
ess Eq. (21) and normalized stretchability Eq. (22) are provided in
ppendix. In particular, if the temperature difference ΔT = 0, the non-
imensional closed-form solution in Eq. (22) (and Eq. (A2) ) has been
egenerated into the normalized stretchability with thermal effect ab-
ent [32] : 

̄ = 

⎡ ⎢ ⎢ ⎢ ⎢ ⎣ 
480 𝐽 2 𝑙 4 + 480 𝐽 ̄𝑙 2 �̄� 2 + 1872 𝐽 2 𝑙 2 �̄� 2 + 1920 𝐽 2 𝑙 ̄𝑚 ̄𝜔 2 + 480 𝐽 ̄𝑙 𝜋�̄� 2 + 696 𝐽
+80 𝐽 ̄𝑙 3 𝜋�̄� 2 + 960 𝐽 ̄𝑙 𝛼�̄� 2 + 1392 𝐽 2 𝑙 𝛼�̄� 2 + 160 𝐽 ̄𝑙 3 𝛼�̄� 2 − 40 ̄𝜔 4 + 80 𝐽 �̄� 4
+98 𝐽 ̄𝑙 𝜋�̄� 4 + 80 𝐽 �̄� 𝜋�̄� 4 + 10 𝜋2 �̄� 4 + 29 𝐽 𝜋2 �̄� 4 + 196 𝐽 ̄𝑙 𝛼�̄� 4 + 160 𝐽 �̄� 𝛼�̄�
+116 𝐽𝜋𝛼�̄� 4 + 40 𝛼2 �̄� 4 + 116 𝐽 𝛼2 �̄� 4 + 2 cos 2 𝛼𝑍 2 + �̄� 2 sin 2 𝛼𝑍 3 

(
40 ̄𝜔 2 𝑍 1 ∕ ( 2 − �̄� ) 

)⎡ ⎢ ⎢ ⎣ 
( 1 − 𝐽 ) ̄𝜔 

(
24 𝐽 ̄𝑙 + ( 𝜋 + 2 𝛼) ̄𝜔 2 

)
−2 ( 2 𝐽 − �̄� ) 

(
− ̄𝜔 2 + 𝐽 

(
6 ̄𝑙 2 + �̄� 2 

))
cos 𝛼

−24 𝐽 ̄𝑙 ( 2 𝐽 − �̄� ) sin 𝛼

⎤⎥⎥⎦
where Z 1 , Z 2 , Z 3 and J are provided in Eq. (4). 

And up to now, we have provided the closed-form expressions that
haracterize the mechanical responses in relation to the normalized
tiffness and stretchability to homogeneous thermal loading. However,
ffects of temperature difference on mechanical responses of ribbon
irigami in Eqs. (21) and (22) are difficult to ascertain, because of
xtreme complexity. To unveil the underlying relations between ther-
al effects, mechanical responses and geometric effects, two relative

rrors 𝛿stiffness and 𝛿stretchability are introduced, and thermal effects on the
ormalized stiffness and stretchability will be quantitatively explored
nd compared, as we conducted in Section 3 , using Eqs. (3) , (21) , (22) ,
23) and the following expressions 

𝑠𝑡𝑖𝑓 𝑓 𝑛𝑒𝑠𝑠 = 

||||||�̄� 𝑒𝑓𝑓 ||| − 

||�̄� ′|||||∕ ||�̄� ′|| (24)

𝑠𝑡𝑟𝑒𝑡𝑐ℎ𝑎𝑏𝑖𝑙𝑖𝑡𝑦 = 

|||�̄� | − 

||�̄� ′||||∕ ||�̄� ′|| (25)

Furthermore, finite element method (FEM) is carried out with the
se of ABAQUS software to validate the model. The simulation model
xploits plane strain elements with refined meshes to model the ribbon
irigami structures with various geometries. The material attribute is
ssumed to be polymer, with elastic modulus of 0.5 MPa, Poisson’s ratio
f 0.4 and thermal expansion coefficient of 340 ×10 − 6 °C 

− 1 [39] . Nomi-
al strain of 0.02 is externally applied to the ribbon kirigami structures.
s a homogeneous thermal loading, a constant temperature difference
f 50 °C is designated although we investigate different temperature dif-
erences. 
 

2 

 𝐽 2 �̄� 4 

0 𝜋𝛼�̄� 4 

⎤ ⎥ ⎥ ⎥ ⎥ ⎦ 
(23)

. Results and discussion 

.1. Thermal effect on the normalized stiffness and stretchability 

Fig. 2 reveals the results of the normalized stiffness and
orresponding stretchability with three temperature differences
T = 50K,150K,300K for geometries �̄� = 0 . 2 , �̄� = 0 , 𝑙 = 1 , 3 and different

evels of 𝛼. The developed thermal loading closed-form expressions
how great agreement with the FEM results. However, the results
merging from the model with and without thermal effects indicate
hat the significant discrepancies exist among the curves with different
emperature differences. As a demonstration, as detailed in Fig 2 b,
he thermal absent model gives the stretchability of 17.23 for �̄� = 0 . 2 ,
̄  = 0 , 𝑙 = 3 and 𝛼 = − 0.28, which is 31% smaller than that of developed

odel �̄� ′ = 24 . 95 at a temperature difference of 300 °C. In practical
pplications, such as kirigami-patterned bioprobes for experiments in
itro of myocardium [9] , the similar underestimation of stretchability
s dangerous and fatal. 

Based on Eqs. (24) and (25) , Fig. 3 provides the quantitative in-
ights with respect to 𝛿stiffness and 𝛿stretchability into the thermal effects
 ΔT = 50K) on mechanical responses. Because of geometry effects, the
elationships between 𝛿stiffness , 𝛿stretchability and three varying dimension-
ess parameters are illustrated in Fig. 3 a and d. Through assigning the
alue of �̄� = 0 . 2 , the dependencies of 𝛿stiffness and 𝛿stretchability on 𝑙 and 𝛼
re unveiled in Fig. 3 b and e. With increasing of 𝑙 (see Fig. 3 a and d)
or specific �̄� , 𝛼, �̄� and ΔT , 𝛿stiffness (up to ~ 5%) and 𝛿stretchability (up to

8%) increase dramatically, which is a direct consequence of long arm
ffect [32] that larger arm length will magnify the effective length with
hermal strain. Fig. 3 b and e confirm these findings, but for a specific 𝑙
ith the increasing of 𝛼 from − 1.0 to 1.0 𝛿stiffness decreases (see Fig. 3 b).

hile for the relative error of normalized stretchability the correspond-
ng 𝛿stretchability is increasing for the same geometries (see Fig. 3 e). Fig. 3 c
nd f demonstrate the evolutions of 𝛿stiffness and 𝛿stretchability with the in-
reasing of �̄� . G 1 , G 2 , G 3 , g 1 , g 2 , and g 3 correspond to the representative
eometric points in Fig. 3 b and e. For these ribbon kirigami structures,

stretchability is insensitive to the variation of �̄� . For relatively short rib-
on kirigami (see G 1 ), 𝛿stiffness decreases monotonously if �̄� is increasing,
ut it changes to be insensitive when arm length is large (see G 2 and
 3 ). Taking 𝑙 = 5 in Fig. 3 c and f as an example, 𝛿stiffness and 𝛿stretchability 

re about 4% and 6.7%, indicating that the normalized stiffness and
tretchability are considerable overestimateand and underestimate, re-
pectively. Therefore, the thermal effects and resultant errors are non-
egligible in applications [ 10 , 22 , 24 , 27 ]. 

.2. Effect of geometry parameters on ribbon kirigami with thermal loading

As demonstrated in Section 3.1 , as 𝛼 varies in a wide range, ther-
al effect (or thermal loading) will lower the normalized stiffness and
eighten the normalized stretchability of ribbon kirigami throughout
ts whole process from “insensitive ” regime to “loading ” regime. Here,
e start by revealing the effects of constant temperature differences on
echanical responses of ribbon kirigami structures, combining with sys-

ematic geometric parameter effects including 𝛼, �̄� , 𝑙 and �̄� . 
The geometry effects regarding four independent dimensionless pa-

ameters on the normalized stiffness with and without considering
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Fig. 2. The analytical and FEM results of (a) the normalized stiffness and (b) the normalized stretchability with thermal effect (i.e., ΔT = 50K, 150K, 300K) and 
without thermal effect for �̄� = 0 . 2 , �̄� = 0 and ̄𝑙 = 1 , 3 under different levels of 𝛼. 
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hermal loadings are clearly illustrated in Fig. 4 a–c. The predictions
rom developed model agree remarkably well with the plane strain FEM
esults for various representative geometries, which demonstrate the
onotonic patterns, that is, the normalized stiffness �̄� ′ could be low-

red by increasing 𝑙 , 𝛼 and reducing �̄� . Comparing Fig. 4 a–c, while �̄� ,
̄
 , and 𝛼, for a specific geometry, are all monotonic, but the constant
emperature differences apply to kirigami configurations in a similar
pproach, which render the overestimate of normalized stiffness. Espe-
ially, with the increasing of �̄� thermal effects will “load ” the normalized
tiffness significantly, as evident from Fig. 4 a. In the case of 𝛼 = 0, �̄� = 0 ,
̄  = 1 and 𝑙 = 0 , the relative error regarding the normalized stiffness is

stiffness = 7.7%, indicating the larger �̄� could lead to larger contribution
f thermal loading with ̄𝑙 absent. This effect can also be found in Fig. 3 a
here is represented by the counterintuitive red zone. Therefore, we ad-
ocate that kirigami-geometry-patterned design of stretchable conduc-
ors should be carefully performed, and the influence of thermal effects
annot be neglected in practical applications. 

Fig. 4 d–f reveal the effects of geometric parameters on normalized
tretchability with and without thermal loadings by using Eqs. (22) ,
23) and FEM. In general, the analytical solutions according to
q. (22) show great agreement with the FEM results, and the theoretical
odels with and without thermal effects and FEM results are plotted as

he solid lines, dashed lines and filled circles, respectively. As can be
een from Fig. 4 d and e, normalized stretchability �̄� ′ is always larger
han 1 for the wide range of �̄� , �̄� and 𝑙 , which signifies the promis-
ng capacity for ribbon-kirigami-based design towards the variable geo-
etrical structure patterns presents a desirable approach in decreasing

he intrinsic tension strain with thermal loading [ 32 , 40 , 41 ]. The contri-
ution of geometry-dependent effect on enhancement of stretchability
or kirigami is consistent with previous experimental results, including
hose for hybrid kirigami-patterned metamaterials [17] , kirigami skins
5] , and programmable kirigami metastructures [37] . Furthermore, it is
vident from the Fig. 4 d and e that typical evolutions of �̄� ′ for the in-
reasing of �̄� and ̄𝑙 are monotonic but present an opposite tendency, that
s, ̄𝜀 ′ with thermal effects increases as ̄𝑙 increases but it increases with the
ecreasing of �̄� . However, for practical applications, the larger ̄𝑙 and the
maller �̄� sometimes would restrict the device performance of kirigami-
ased stretchable conductor, such as stretchable bioprobe [9] and wear-
ble thermotherapy [10] , etc., also it is impossible to achieve the ex-
reme sizes of ribbon kirigami due to the technical bottlenecks regard-
ng resolution restriction of photolithography [40] . To response such
 significant problem, we considering the thermal effects and practical
eometric restraint conditions perform the design optimization towards
he most stretchable ribbon kirigami conductor, as detailed in Section 4 .
ig. 4 f provides the comparison of two different models and FEM re-
ults for �̄� = 0 . 2 , ̄𝑙 = 3 , and �̄� = 0 , 2 , 4 , 6 , 8 , 10 , respectively. For relatively
hort �̄� (such as �̄� = 0 , 2 ), �̄� ′ increases dramatically as 𝛼, while it first
ncreases followed by a slight drop for relatively large �̄� (see �̄� = 8 , 10 ).
he limited regime of 𝛼, resulting in �̄� ′ < 1 , is not conducive to enhance
he normalized stretchability with thermal effects according to Eq. (20) ,
hich indicates the previous ribbon-kirigami-patterned design depend-

ng on experience cannot always enable a reliable guide in increasing
he stretchability. Comparing Fig. 4 d–f, it is clear that distinct “loading ”
egime and “insensitive ” regime of monotonic �̄� ′ exist, for a wide range
f variation in geometric parameters. Towards the thermal effect (or
oading) on normalized stretchability, it is thought that the larger ̄𝑙 , the
maller �̄� and the larger 𝛼 would “load ” the normalized stretchability �̄� ′

ore. We should note that the relatively error of normalized stretchabil-
ty, for the kirigami configuration 𝛼 = 0, �̄� = 0 . 5 , �̄� = 0 , ̄𝑙 = 5 , could be as
any as 𝛿stretchability = 15.9% as evident in Fig. 4 e. Moreover, the ribbon
idth/radius �̄� in Fig. 4 d and the arc angle 𝛼 in Fig. 4 f should be pre-

isely controlled in ribbon kirigami design, because of relative complex-
ty of “loading ” regime and “insensitive ” regime from geometry effect.
f course, the knowledge of developed thermal loading closed-form so-

utions regarding Eqs. (21) and (22) and quantitative characterizations
ith regard to the relative errors of normalized stiffness and stretcha-
ility in Figs. 2 and 3 can serve as an important guide in speed-up of
esigning the desirable ribbon kirigami conductor devices. In short, the
emarkable underestimate of stretchability and overestimate of stiffness
an be induced by the thermal-effect-absent model, the more accurate
redictions we developed of ribbon kirigami considering the practical
onditions would be helpful in rational selection and design optimiza-
ion of kirigami-based devices in applications. 

.3. Experimental verification 

.3.1. Experiment evaluation 

Fig. 5 a reveals the comparison of developed model and thermal-
ffect-absent model based on Eqs. (22) and (23) and experimental data
ccording to different representative geometries. All ribbon kirigami
tructures are manufactured by ultraviolet (UV) post-cured polymer
ith temperature of glass transition Tg = 62 °C and coefficient of thermal

xpansion 95 ×10 − 6 °C 

− 1 ( T < Tg). The ribbon width and ribbon thick-
ess are respectively designated as 1 mm and 10 mm, which suppress
he lateral buckling of ribbon kirigami structures. Concretely speaking,
he 3D-printed ribbon kirigami structure is first placed into temperature



Y. Wang and C. Wang International Journal of Mechanical Sciences 168 (2020) 105301 

Fig. 3. Relative errors of the normalized stiffness between two different theoretical models for (a) geometries with �̄� = 0 and various 𝛼, �̄� , ̄𝑙 and (b) geometries with 
�̄� = 0 . 2 , �̄� = 0 and various 𝛼, ̄𝑙 . (c) Relative errors of representative geometries G 1 , G 2 and G 3 in Fig. 3 b under different levels of �̄� . (d–f) The Corresponding results 
for relative errors of the normalized stretchability. 
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Fig. 4. Schematic illustration of the normalized stiffness with and without thermal effects of ribbon kirigami structures, with geometric parameters of 𝛼 = 0, �̄� = 0 , 
𝑙 = 0 , 0 . 5 , 1 , 2 , 3 , 4 in (a), 𝛼 = 0, �̄� = 0 . 5 , �̄� = 0 , 2 , 4 , 6 , 8 , 10 in (b), and 𝛼, �̄� = 0 . 2 , ̄𝑙 = 3 , �̄� = 0 , 2 , 4 , 6 , 8 , 10 in (c). (d-f) Similar results for the normalized stretchability of 
ribbon kirigami structures. 
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Fig. 5. (a) Experimental results and theoretical predictions with and without thermal effects for ribbon kirigami structures 𝛼 = 0, �̄� = 0 . 2 , and �̄� = 0 . 2 . (b) The 
corresponding stress-strain curves of 3D-printed ribbon kirigami structures. 

Fig. 6. (a) Atomistic simulation results and theoretical predictions with and without thermal effects for low dimension silicon ribbon kirigami nano-structures with 
geometries 𝛼 = 0, �̄� = 0 , �̄� = 0 . 60 and ̄𝑙 = 2 . 06 , 4 . 13 , 6 . 19 , 8 . 25 . (b) The corresponding stress-strain curves of silicon kirigami nano-structures. 
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ox of tensile experimental system to allow it expanding freely under the
onstant temperature difference of 22 °C (up to 45 °C and 300 s), and
hen it is carefully clamped with antiskid at this stable temperature. A
train ratio of 0.01 s − 1 is applied to produce the exact stress-strain curve
ombining INSTRON 5965, US. According to Eq. (20) , we evaluate the
train towards the LCCB beam and straight beam, separately. The nor-
alized elastic stretchability is achieved using different representative

ibbon kirigami configurations, and the intrinsic failure strain (i.e., 5%)
f kirigami is carefully obtained using configuration 𝛼 = − 𝜋/2. Fig. 5 b
llustrates the experimental stress-strain curves at different strain lev-
ls. Combining Fig. 5 a and b, it is somewhat surprising to see that the
ormalized stretchability with thermal effect for experimental results
hows remarkable agreement with the developed closed-form solution,
hich can be attributed to the rational introduction of thermal effect,

ffective application of LCCB theory and energy methods. These obser-
ations directly demonstrate that our theory modeling with practical
hermal effect consideration can provide insights into the design and
pplication of ribbon kirigami structures. 

.3.2. Model scalability 

It is important to note that expressions of the developed
odels regarding normalized stiffness and stretchability are non-
imensionalization (such as �̄� ′ = Γ( 𝛼, ̄𝑙 , �̄� , �̄� , 𝜀 𝑡ℎ ) ). Therefore, if we ne-
lect the size-dependent effect of materials the mechanical model of
ibbon kirigami structures with the specific geometry, no matter macro-
nd nano-scale, is scalable. To investigate the model scalability of rib-
on kirigami, the extensive atomistic simulation experiments are carried
ut using the Large-scale Atomic-Molecular Massively Parallel Simula-
or (LAMMPS) code package developed by Sandia National Laboratories
42] . The Erhart/Albe-Tersoff potential is designated to describe the
nteractions of silicon atoms for low dimension silicon kirigami nano-
tructures, which is in line with our previous works [ 32 , 43 ]. Through-
ut the experimental process, a simulation system containing a silicon
irigami with width 17.33 Å and thickness 21.72 Å is established and
eriodic boundary condition is applied to the direction of thickness,
hich simulate the plane strain model in current research. To stabilize

he silicon kirigami nano-structures generated by in-house code, all sili-
on kirigami constructions are first quasi-statically optimized using the
onjugated-Gradient (CG) algorithm. Simulation experiments are per-

ormed in the NVE ensemble with a constant temperature 1500 K, and
he thermal expansion coefficient is about 4.26 ×10 − 6 K 

− 1 [44] . The
erendsen thermostat is employed to control the temperature. Standard
elocity-Verlet integration algorithm is used in current research to inte-
rate the equations of motion. The time step is set to be 1fs. After that,
he displacement loadings of 0.02 nm/ps is used on the right connec-
ion end of silicon kirigami while left end is fixed. Fig. 6 b illustrates
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Fig. 7. (a) Schematic illustration of distribution with regard to �̄� , ̄𝑙 and ΔT , which can be plotted by ̄𝜀 ′= 𝐹 ( 𝛼𝑡ℎ 
𝑚𝑎𝑥 
, �̄� 𝑡ℎ 
𝑚𝑖𝑛 

) . (b) Distribution of the normalized stretchability 
for �̄� and ̄𝑙 , the constant temperature difference is designated as 50 °C. (c) The ribbon kirigami configuration with the most normalized stretchability when t = 15, 
�̄� = 0 . 831 , ̄𝑙 = 4 . 655 , �̄� = 0 . 993 and 𝛼 = 0.096. 
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he experimental stress-strain curves for different representative sili-
on kirigami nano-structures with geometries 𝛼 = 0, �̄� = 0 , �̄� = 0 . 60 and
̄
 = 2 . 06 , 4 . 13 , 6 . 19 , 8 . 25 , based on which the normalized elastic stretch-
bility can be determined carefully. Fig. 6 a reveals the comparison of
ormalized elasticity stretchability with and without thermal effects and
tomistic simulation results, the predictions are in agreement with the
xtensive atomistic simulation experiments, while we ignore the size
ffect in low dimensional silicon material. We should note that the di-
ensionless parameters for the unit cell of ribbon kirigami to derive

ll the equation is a general step for the solution procedure. However,
n the small system, there is definitely a size effect that cannot just be
xplained with non-dimensionalization. For example, as the size of the
ystems becomes small, the surface-to-volume ratio increases and sur-
ace effect will be dominant, and the heat loss from the heater will be
ncreased due to the increased surface area for convection heat transfer.
uture work should be devoted to systematic investigation of properties
valuation of kirigami structures with size effects. Moreover, in light
f high performance of high-quality inorganic electronic materials es-
ecially for silicon in modern electronics, we anticipate special care of
ow dimension silicon kirigami could be taken. 

. Optimization considering practical geometry constraints and 

hermal effects 

In practical applications, ribbon-kirigami-patterned stretchable con-
uctors tend to undergo the action of Joule heating effect and geome-
ry constant conditions. In particular, (a) the non-overlapped conditions
hould be used in one-directional periodic kirigami structures to guar-
ntee the physical rationality; (b) in-plane breadth conditions can be
tilized either in optically and thermally correlated sensors to maintain
he device performance, or in highly stretchable novel physical devices
ith regard to kirigami configurations to break through the limitation
f resolution of photolithography to obtain the maximum stretchabil-
ty. Based on our thermal loading closed-form theoretical model and
eometry characterizations of ribbon kirigami, we perform the design
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Table 1 

The geometric parameters after design op- 
timization for the maximum stretchability 
of ribbon kirigami structures. 

t �̄� 𝑙 �̄� 𝛼

10 0.765 2.211 0.993 0.236 

12 0.786 3.126 0.993 0.160 

15 0.831 4.655 0.993 0.096 

20 0.878 7.163 0.993 0.050 

30 0.772 9.993 0.994 0.034 
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ptimization with practical geometry constraints and thermal effects of
ibbon kirigami in this section. 

Firstly, non-overlapped conditions can be correlated to L 1 and L 2 , as
etailed in Fig. 1 b. After applying the non-dimensionalization process
nd homogeneous temperature difference, the non-overlapped condi-

ions regarding 𝐿 
𝑡ℎ 

1 and �̄� 𝑡ℎ 2 can be calculated in terms of five dimen-
ionless parameters ( ̄𝜔 , 𝑙 , �̄� , 𝛼 and 𝜀 th ), as follows: 

 

𝑡ℎ 

1 = 1 − �̄� ∕2 − 

⎛ ⎜ ⎜ ⎝ 
( 1 − �̄� ∕2 ) 

(
1 − cos 

((
1 + 𝜀 𝑡ℎ 

)
( 𝛼 + 𝜋∕2 ) − 𝜋∕2 

))
+ ̄𝑙 

(
1 + 𝜀 𝑡ℎ 

)
sin 

((
1 + 𝜀 𝑡ℎ 

)
( 𝛼 + 𝜋∕2 ) − 𝜋∕2 

)
+ ̄𝜔 ∕2 

(
1 − cos 

((
1 + 𝜀 𝑡ℎ 

)
( 𝛼 + 𝜋∕2 ) − 𝜋∕2 

)) ⎞ ⎟ ⎟ ⎠ (26)

̄
 

𝑡ℎ 
2 = �̄� 

(
1 + 𝜀 𝑡ℎ 

)
− 

( 

𝑙 sin 
((
1 + 𝜀 𝑡ℎ 

)
( 𝛼 + 𝜋∕2 ) − 𝜋∕2 

)
+ �̄� ∕2 

+ 

(
1 − cos 

((
1 + 𝜀 𝑡ℎ 

)
( 𝛼 + 𝜋∕2 ) − 𝜋∕2 

))) 

(27)

Then, values of 𝛼𝑡ℎ 
𝑚𝑎𝑥 

and �̄� 𝑡ℎ 
𝑚𝑖𝑛 

according to Eqs. (26) and (27) ( 0 ≤ 𝐿 
𝑡ℎ 

1 
nd 0 ≤ �̄� 𝑡ℎ 2 ) can be given using the following relationships 

𝑡ℎ 
𝑚𝑎𝑥 

= 

(
− 𝜋𝜀 𝑡ℎ + 4 arctan 

((
−2 ̄𝑙 + 

√
4 ̄𝑙 2 + 4 − �̄� 2 

)
∕2 + �̄� 

))
∕2 

(
1 + 𝜀 𝑡ℎ 

)
(28)

̄  𝑡ℎ 
𝑚𝑖𝑛 

= 

( 

2 + �̄� − 2 
(
1 + 𝜀 𝑡ℎ 

)
𝑙 cos 

((
1 + 𝜀 𝑡ℎ 

)
( 𝛼 + 𝜋∕2 ) 

)
−2 sin 

((
1 + 𝜀 𝑡ℎ 

)
( 𝛼 + 𝜋∕2 ) 

) ) 

∕2 
(
1 + 𝜀 𝑡ℎ 

)
(29)

Secondly, the dimensionless �̄� 3 in relation to in-plane breadth condi-
ion can be defined, and in-plane breadth considering the thermal effect
̄
 

𝑡ℎ 
3 can be calculated by 

̄
 

𝑡ℎ 
3 ∕2 = 𝑡 ̄𝜔 ∕2 = 1 + �̄� ∕2 + sin 

(
( 𝜋∕2 + 𝛼) 

(
1 + 𝜀 𝑡ℎ 

)
− 𝜋∕2 

)
 ̄𝑙 
(
1 + 𝜀 𝑡ℎ 

)
cos 

(
( 𝜋∕2 + 𝛼) 

(
1 + 𝜀 𝑡ℎ 

)
− 𝜋∕2 

) (30)

here t , a scaling factor, represents the in-plane breadth of ribbon
irigami is t times larger than that of ribbon width. Next combination
f Eqs. (28) –(30) and (22) gives the normalized stretchability �̄� ′ as the
unction of 𝛼𝑡ℎ 

𝑚𝑎𝑥 
and �̄� 𝑡ℎ 

𝑚𝑖𝑛 
, as follows: 

̄ ′= 𝐹 
(
𝛼𝑡ℎ 
𝑚𝑎𝑥 
, �̄� 𝑡ℎ 
𝑚𝑖𝑛 

)
(31)

here �̄� ′= 𝐹 ( 𝛼𝑡ℎ 
𝑚𝑎𝑥 
, �̄� 𝑡ℎ 
𝑚𝑖𝑛 

) is characterized in Fig. 7 a and b. Utilizing the
q. (30) , the normalized stretchability under constant temperature dif-
erence and geometry constraints can be determined numerically with a
ufficient accuracy. This process can be realized by using the commer-
ial software MATLAB. 

Finally, according to the numerical calculation results represented
y the black dots in Fig. 7 b, the optimized geometric parameters of
̄  and 𝑙 can be obtained. Next, with the �̄� , 𝑙 , Eqs. (28) and (29) in
and, all of representative geometry parameters leading to the maxi-
um stretchability can be determined, as we provided in Table 1 . As a
emonstration, Fig. 7 c illustrates the corresponding geometric configu-
ation with the maximum stretchability when t = 15 and ΔT = 50 °C. We
hould note that the design optimization method we used here is in line
ith the Lagrangian multiplier method, but it can serve as an impor-

ant technology in speed-up of searching the optimal solutions because
f conciseness and practicability. Finally, for the potential applications
ith respect to kirigami-based stretchable electronics, we advocate that
esigns of stretchable kirigami conductors encompassing Joule heating
ffects by experience should be carefully performed. And the developed
nalytical models with some counterintuitive expectations can be used
o guide the rational selection of design variables to design the novel
evices through high parallel mechanical-physical process. 

. Conclusions 

The theoretical model of ribbon kirigami considering thermal effect
nd large curvature curved beam (LCCB) theory has been developed
oward the applications of highly stretchable conductor devices. Ther-
al loading closed-form solutions regarding the key mechanics indexes

f normalized stiffness and stretchability have been presented, which
heir excellent accuracy and scalability have been validated using ten-
ile experiments, thermal-absent theoretical model, plane strain FEM,
nd atomistic simulation. Especially, thermal loading effects combin-
ng with comprehensively dimensionless geometry parameters on nor-
alized stiffness and stretchability are systematically and quantitatively
emonstrated based on introduced relative errors. This study reveals
hat significant “insensitive ” state and “loading ” state exist in normal-
zed stiffness and stretchability when ribbon kirigami structures undergo
 homogeneous temperature difference. Monotonic �̄� ′ and �̄� ′ show an
pposite evolution tendency with increasing of �̄� and 𝑙 (or 𝛼), indicat-
ng that combination of thermal effects and variable geometric effects
an increase normalized stretchability and decrease normalized stiffness
y several orders of magnitude except for some unexpected results. In
ddition, the larger ̄𝑙 could carry more thermal effects on mechanical re-
ponses of ribbon kirigami structures, resulting in a remarkably relative
rror (e.g., 15.9%) compared to thermal-absent model. The obtained re-
ults show that considerable underestimate of stretchability (e.g., > 8%
elatively) and overestimate of stiffness (e.g., > 5% relatively) can be
angerous in practical applications. And considering effects of constant
emperature differences is of great important for kirigami design opti-
ization, based on which the maximum normalized stretchability can

e obtained using developed theoretical model and geometric constant
onsideration. In short, this paper provides a foundational study to serve
s a guideline for the design of ribbon-kirigami-patterned stretchable
onductors. 
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ppendix 

The expressions of �̄� ′ = Ω( 𝛼, ̄𝑙 , �̄� , �̄� , 𝜀 𝑡ℎ ) and �̄� ′ = Γ( 𝛼, ̄𝑙 , �̄� , �̄� , 𝜀 𝑡ℎ ) in
qs. (21) and (22) are given by 

̄
 

′ = 
80 X 3 𝐽 ̄𝜔 

2 (24 𝐽 ̄𝑙 + 𝜋�̄� 2 + 2 𝛼�̄� 2 )( ̄𝑚 + cos 𝛼 − ̄𝑙 sin 𝛼) ⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

X 1 480 𝐽 2 𝑙 4 + X 2 2352 𝐽 2 𝑙 2 �̄� 2 + X 2 1920 𝐽 2 𝑙 ̄𝑚 ̄𝜔 2 + X 2 480 𝐽 ̄𝑙 𝜋�̄� 2 

+ X 2 696 𝐽 2 𝑙 𝜋�̄� 2 + X 1 80 𝐽 ̄𝑙 3 𝜋�̄� 2 + X 2 960 𝐽 ̄𝑙 𝛼�̄� + X 2 1392 𝐽 2 𝑙 𝛼�̄� 
+ X 1 160 𝐽 ̄𝑙 3 𝛼�̄� 2 + X 6 40 ̄𝜔 4 + X 2 98 𝐽 ̄𝑙 𝜋�̄� 4 + X 2 80 𝐽 ̄𝑚 𝜋�̄� 4 + X 2 10 𝜋2 �̄� 4 

+ X 2 29 𝐽 𝜋2 �̄� 4 + X 2 196 𝐽 ̄𝑙 𝛼�̄� 4 + X 2 160 𝐽 ̄𝑚 𝛼�̄� 4 + X 2 40 𝜋𝛼�̄� 4 

+ X 2 116 𝐽𝜋𝛼�̄� 4 + X 2 40 𝛼2 �̄� 4 + X 2 116 𝐽 𝛼2 �̄� 4 + Y 1 cos 2 𝛼 + Y 2 cos 
(
𝜀 𝑡ℎ X 5 ∕2 

)
− X 6 40 ̄𝜔 4 cos 

(
X 3 ( 𝜋 + 2 𝛼) 

)
+ Y 3 960 cos 

(
𝛼 + X 3 X 5 ∕2 

)
+ Y 4 sin 2 𝛼

+ Y 5 sin 
(
𝜀 𝑡ℎ X 5 ∕2 

)
+ Y 6 sin 

(
X 3 X 5 

)
+ Y 7 sin 

(
𝛼 + X 3 X 5 ∕2 

)

⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 
(A1) 
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[  
̄ ′ = 

⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

X 1 480 𝐽 2 𝑙 4 + X 2 2352 𝐽 2 𝑙 2 �̄� 2 + X 2 1920 𝐽 2 𝑙 ̄𝑚 ̄𝜔 2 + X 2 480 𝐽 ̄𝑙 𝜋�̄� 2 

+ X 2 696 𝐽 2 𝑙 𝜋�̄� 2 + X 1 80 𝐽 ̄𝑙 3 𝜋�̄� 2 + X 2 960 𝐽 ̄𝑙 𝛼�̄� + X 2 1392 𝐽 2 𝑙 𝛼�̄� 
+ X 1 160 𝐽 ̄𝑙 3 𝛼�̄� 2 + X 6 40 ̄𝜔 4 + X 2 98 𝐽 ̄𝑙 𝜋�̄� 4 + X 2 80 𝐽 �̄� 𝜋�̄� 4 + X 2 10 𝜋2

+ X 2 29 𝐽 𝜋2 �̄� 4 + X 2 196 𝐽 ̄𝑙 𝛼�̄� 4 + X 2 160 𝐽 �̄� 𝛼�̄� 4 + X 2 40 𝜋𝛼�̄� 4 

+ X 2 116 𝐽 𝜋𝛼�̄� 4 + X 2 40 𝛼2 �̄� 4 + X 2 116 𝐽 𝛼2 �̄� 4 + Y 1 cos 2 𝛼 + Y 2 cos 
(

− X 6 40 ̄𝜔 4 cos 
(
X 3 ( 𝜋 + 2 𝛼) 

)
+ Y 3 960 cos 

(
𝛼 + X 3 X 5 ∕2 

)
+ Y 4 sin 2 𝛼

+ Y 5 sin 
(
𝜀 𝑡ℎ X 5 ∕2 

)
+ Y 6 sin 

(
X 3 X 5 

)
+ Y 7 sin 

(
𝛼 + X 3 X 5 ∕2 

)
40 ̄𝜔 2 

⎛ ⎜ ⎜ ⎝ 
X 3 ̄𝑚 + sin 

(
X 3 X 5 ∕2 

)
+ X 3 𝑙 cos 

(
X 3 X 5 ∕2 

) ⎞ ⎟ ⎟ ⎠ 
2− ̄𝜔 

⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 

X 3 24 𝐽 ̄𝑙 ̄𝜔 − X 3 24 𝐽 2 𝑙 ̄𝜔 + X 3 𝜋�̄� 
3 − X 3 𝐽

+ X 3 2 𝛼�̄� 3 − X 3 2 𝐽 𝛼�̄� 3 

+ 

(
− X 2 24 𝐽 2 𝑙 2 + X 2 12 𝐽 ̄𝑙 2 �̄� 

)
cos 𝛼

+ 

(
− X 3 48 𝐽 2 𝑙 + X 3 24 𝐽 ̄𝑙 ̄𝜔 

)
sin 𝛼

+ 

(
4 𝐽 �̄� 2 − 4 𝐽 2 �̄� 2 − 2 ̄𝜔 3 + 2 𝐽 �̄� 3 

)
sin 

(
X

where 

 1 = 

(
1 + 4 𝜀 𝑡ℎ + 6 

(
𝜀 𝑡ℎ 

)2 + 4 
(
𝜀 𝑡ℎ 

)3 + 

(
𝜀 𝑡ℎ 

)4 )
(A3) 

 2 = 

(
1 + 2 𝜀 𝑡ℎ + 

(
𝜀 𝑡ℎ 

)2 )
(A4) 

 3 = 

(
1 + 𝜀 𝑡ℎ 

)
(A5) 

 4 = 

(
1 + 3 𝜀 𝑡ℎ + 3 

(
𝜀 𝑡ℎ 

)2 + 

(
𝜀 𝑡ℎ 

)3 )
(A6) 

 5 = ( 𝜋 + 2 𝛼) (A7) 

 6 = 

(
−1 + 2 𝐽 − 𝐽 2 

)
(A8) 

 1 = 

( 

X 1 480 𝐽 2 𝑙 4 + X 2 1392 𝐽 2 𝑙 2 �̄� 2 − X 2 240 𝐽 ̄𝑙 𝜋�̄� 2 + X 1 80 𝐽 ̄𝑙 3 𝜋�̄� 2 
− X 2 480 𝐽 ̄𝑙 𝛼�̄� 2 + X 1 160 𝐽 ̄𝑙 3 𝛼�̄� 2 + X 2 58 𝐽 ̄𝑙 𝜋�̄� 2 + X 2 116 𝐽 ̄𝑙 𝛼�̄� 4 

) 

(A9) 

 2 = 

(
X 2 480 𝐽 ̄𝑙 2 �̄� 2 − X 2 480 𝐽 2 𝑙 2 �̄� 2 

)
(A10) 

 3 = 

(
− X 3 𝐽 ̄𝑙 ̄𝜔 

2 + X 3 𝐽 
2 𝑙 ̄𝜔 2 

)
(A11) 

 4 = 

(
X 4 240 𝐽 ̄𝑙 2 𝜋�̄� 2 + X 4 480 𝐽 ̄𝑙 2 𝛼�̄� 2 

)
(A12) 

 5 = 

(
− X 3 960 𝐽 ̄𝑙 ̄𝜔 2 + X 3 960 𝐽 2 𝑙 ̄𝜔 2 

)
(A13) 

 6 = 

( 

X 3 240 𝐽 ̄𝑙 ̄𝜔 2 − X 3 1176 𝐽 2 𝑙 ̄𝜔 2 + X 3 10 𝜋�̄� 4 
− X 3 49 𝐽 𝜋�̄� 4 + X 3 20 𝛼�̄� 4 − X 3 98 𝐽 𝛼�̄� 

) 

(A14) 

 7 = 

(
X 2 480 𝐽 ̄𝑙 2 �̄� 2 − X 2 480 𝐽 2 𝑙 2 �̄� 2 

)
(A15) 
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