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A B S T R A C T   

Flexible devices that provide elastic responses to ultrahigh deformations are of growing interest due to the ability 
to enable new applications whose feasibility is impossible to be attained by using the traditional wafer-based 
technologies. This paper focuses on strain-limiting wrinkled kirigami materials that offer coexistent high flexi-
bility, stretchability and compressibility, as well as its mechanics design strategies that can be suitable for both 
discrete and distributed flexible systems, enabling them to accommodate extreme mechanical deformations 
without damage, such as stretching, compressing and twisting like a rubber ribbon. Comprehensive and sys-
tematic theoretical studies of the mechanics reveal how to leverage the different dimensionless geometric pa-
rameters to regulate buckling responses of the system, such as global buckling and local wrinkling, and the way 
in which the parameterized designs enable highly parallel extreme mechanical properties. To some extent, 
flexibility, stretchability and compressibility can be enhanced by several orders of magnitude, except for some 
counterintuitive expectations. The predicted results, as validated and demonstrated through in-situ tensile ex-
periments and numerical calculations, provide an underpinning to unveil the concealed relationships between 
nonlinear mechanics responses and microstructural geometries as well as material properties of strain-limiting 
wrinkled kirigami. This paper suggests a promising route to high-performance flexible devices regarding the 
stretchable conductors and piezoelectric harvesters.   

1. Introduction 

Recent developments in materials and mechanics for flexible devices 
(Jiang et al., 2007; Khang et al., 2006; Kim et al., 2008b; Rogers et al., 
2010; Wang et al., 2012; Yang and Suo, 2018) enable electronic systems 
with high-performance circuit operating and integration densities can 
be achieved in mechanics that showcases dramatic deformation without 
affecting electronical functionaries, e.g., stretching, compressing and 
twisting like a rubber ribbon. The derived technology lines shed light on 
a wide range of application opportunities that cannot be addressed with 
conventional rigid electronics, from epidermal wellness monitors 
(Chung et al., 2020; Jeong et al., 2013; Kim et al., 2011; Yeo et al., 
2013), to sensitive artificial skins (Mannsfeld et al., 2010; Someya et al., 
2004; Wagner et al., 2004), and to soft thermal/electric conductors 
(Guan et al., 2018; Jang et al., 2017; Ma et al., 2018; Shyu et al., 2015). 

Meanwhile, two particularly successful design forms, including 

discrete and distributed design paradigms (Rogers et al., 2010), have 
been refined to achieve the integrated flexible systems and engineered 
elasticity (Callens and Zadpoor, 2018). For the first form, stretchable 
systems exploit island-bridge architectures (Ko et al., 2008; Lu and Yang, 
2015; Song et al., 2016; Zhang et al., 2015a), in which active compo-
nents are distributed in the localized, rigid and functional platform as 
islands, and are joined by deformable electrical/mechanical in-
terconnects as bridges. During the stretching process, relatively stiff 
islands can effectively provide mechanics shielding for brittle active 
components, to prevent strains that could cause rupture (Zhang et al., 
2013). Moreover, the bridges are strongly responsible for high flexibility 
and stretchability that can be realized through typically strategic designs 
of interconnects, such as serpentine design, fractal/self-similar inspired 
design, helical structural design and origami/kirigami inspired design 
(Liu et al., 2016; Ma et al., 2017; Song, 2015; Song et al., 2016; Xu et al., 
2015b; Zhang et al., 2015a). For the second form, that is, the distributed 
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design paradigm, high flexibility, stretchability and compressibility are 
achieved directly in thin films of high-quality, single-crystal inorganic 
semiconductors (such as silicon) that have periodic, wave-like geome-
tries (Jiang et al., 2007; Khang et al., 2006; Kim et al., 2008a; Rogers 
et al., 2010; Sun et al., 2006; Wang et al., 2008). Such prestrain (or 
compressive strain) controlled flexible systems with fully distributed 
wrinkled film on compliant substrates overcome the functional 
mismatch of biology and silicon wafers in mechanics. As under 
stretching conditions, the surface wrinkles of bilayer systems will unfold 
to accommodate the system-level deformation, the designs represent, 
then, a form of silicon with a strain range of 10 to 20%, that is, 10 to 20 
times as large as the intrinsic fracture limits of the silicon (Rogers et al., 
2010). Actually, buckling of thin, stiff films on compliant substrates 
represents a classic problem in mechanics. Tremendous theoretical and 
experimental studies (Audoly and Boudaoud, 2008; Cai et al., 2011; Cao 
et al., 2012; Chen and Hutchinson, 2004; Efimenko et al., 2005; Groe-
newold, 2001; Harrison et al., 2004; Huang, 2005; Huang and Im, 2006; 
Huang and Suo, 2002; Huang et al., 2006; Huang et al., 2005; Jiang 
et al., 2007; Li et al., 2012; Liu et al., 2019; Ma et al., 2016b; Mei et al., 
2011; Stafford et al., 2004; Sun et al., 2011; Wang et al., 2016; Wu et al., 
2017; Xu et al., 2015a; Xu et al., 2014) of this instability mechanics have 
been carried out, over the last several decades. The duality of buckling/ 
instability suggests that this phenomenon can be controlled to derive 
delicate structures with desirable surface morphologies and geometric/ 
spatial dimensions. These investigations create renewed interest in this 
area that persists today, with many active research groups currently 
exploring basic scientific aspects (Jiang et al., 2007). 

In addition to the abovementioned design paradigms, alternatives 
rely on mechanics design in the substrate and in variable geometrical 
material structures with strain limit (Bai et al., 2020; Fan et al., 2020; 
Holmes, 2019; Ma et al., 2016a; Yan et al., 2019; Zhang et al., 2015b) 
represent key points of uniqueness in developing the pluripotent flexible 
materials and devices. The promising design strategy of strain-limiting 
wrinkled kirigami with different geometries is inspired by the Japa-
nese art of paper folding and cutting, kirigami. Corresponding to the 
second design paradigm involving flexible bilayer systems, the in-
stabilities occur when compliant substrate has the finite thickness. 
Intuitively, one would believe that if the compliant substrate is thin 
enough the whole system can be in a state with global buckling and local 
wrinkling. Naturally, one wonders when the critical transition occurs. 
Such an issue together with other related ones, such as the interaction 
between built-in geometries and applied loading, will be demonstrated 
in current research using tension experiments, numerical calculations, 
plane-strain beam theory, energy approach, finite deformation theory 
and stability analysis. As far as the authors are aware of, the effect of 
such a finiteness on the buckling physics of strain-limiting wrinkled 
kirigami has not been examined. The only closely related study focused 
on strain-limiting substrate material in which the bilinear stress–strain 
behavior can be introduced to realize the low effective modulus and 
ability to accommodate large strain deformations with elastic response 
(Ma et al., 2016a). Little work has been done on the problem of the 
mechanics performance of the strain-limiting wrinkled kirigami mate-
rial, and this is especially true for the cases of coexistent high flexibility, 
stretchability and compressibility. Also, the microstructural geometry 
and material property effects on the nonlinear mechanics responses are 
rarely investigated as well, which require an underpinning mechanics 
theory to guide the design in practical applications. 

This paper is organized as follows. Section 2 illustrates the design 
strategy of strain-limiting wrinkled kirigami material, and describes the 
analytical models of normalized flexibility, stretchability and 
compressibility using plane strain theory, energy approach, buckling 
theory regarding finite deformations and geometric nonlinearities. 
Section 3 summarizes the numerical and experimental methods, and 
presents the parameterization analysis of the underlying relationships 
between dimensionless parameters and nonlinear responses associated 
with normalized flexibility, stretchability and compressibility. Accuracy 

verification of developed models is also demonstrated using numerical 
calculations and in-situ tensile experiments in this section. Section 4 
gives the concluding remarks. 

2. Design strategy and analytical model 

The strain-limiting wrinkled kirigami material (i.e., the kirigami 
material with highly parallel global buckling and local wrinkling effects 
due to strain limit) we demonstrated in current research is established 
by considering one-directional periodic boundary condition (see panel 
⑤ in Fig. 1, for details). The schematic illustration in Fig. 1 presents the 
fabrication process. To highlight our design paradigm, a typical unit cell 
can be refined. The first step in fabrication involved patterning a 
compliant substrate using the designed mould with kirigami geometry 
(i.e., a cube mould with an embedded thin plate, see the small gap in 
panel ①. Here, the small gaps can guarantee the connectivity of a 
compliant kirigami substrate). Next, the compliant kirigami substrate 
(such as PDMS or acrylic dielectric elastomer substrates) can be formed 
by casting (~70℃, ~4 h) and thermally curing a mixture (such as the 
weight of 10:1) of base resin to crosslinking agent (Carpi et al., 2010; 
Jiang et al., 2007). And then, a compliant kirigami substrate with the 
initial length l0 and finite thickness 2H is first stretched to produce a 
prestrain εp (see panel ③ in Fig. 1, the corresponding length: l1 =

l0
(
1 + εp

)
). Two stiff thin films with the thickness of h are separately 

bonded onto the upper and lower surfaces of finite thickness substrate 
with prestrain. When the prestrain of substrate is released, the global 
buckling due to finite thickness effect of substrate and local wrinkling 
(described by the mean wavelength λ and amplitude A) from thin film 
surface occur (see panel ④ in Fig. 1). Therefore, the essence of our 
design is that after forming highly parallel global buckling and local 
wrinkling we have a strain-limiting wrinkled kirigami with built-in 
curvature and wrinkles, with the delicate variation of interaction be-
tween built-in geometries and applied loading, the resultant kirigami 
material can cause the high normalized flexibility, stretchability as well 
as compressibility. 

Concretely speaking, at small applied strain, such material has the 
high flexibility, and the de-bending effect can guarantee the outstanding 
flexibility. To provide insights into built-in geometry-dependent me-
chanics responses associated with large substrate curvature. The 
analytical models with respect to plane-strain composite beam theory 
and large-curvature curved beam (LCCB) theory are established to 
determine the theoretical results for normalized flexibility (see SI Ap-
pendix Note 1, for details). Symmetry as the simplified measure is 
applied, and one quarter of the strain-limiting wrinkled kirigami unit 
cell is determined. Next, this simplified process of the analytical model is 
performed by clamping its left end. Correspondingly, the right end (see 
Fig. A2 in Note 1, for details) undergoes a balancing force F and a 
balancing moment M0. Based on dimensional analysis method, the 
following dimensionless parameters can define the proposed kirigami 
material, i.e., the initial length/ substrate thickness l0/H and the ratio of 
film and substrate thickness h/H (as well as the total thickness(h + H)/ 
substrate thickness Hk/H = h/H + 1, see LCCB theory in Note 1, for 
details). And then, a series of strain-limiting wrinkled kirigami can be 
designed by different combinations of these dimensionless parameters. 

Close-form theoretical solutions with respect to normalized flexi-
bility are derived by considering the plane-strain composite beam theory 
and large-curvature curved beam (LCCB) theory as detailed in Section 1 
and Section 2 of SI Appendix Note 1, respectively. In particular, the 
analytical solution regarding composite beam theory is available for 
small width/radius ratio, such as < 0.2 (see Section 2.1 in SI Appendix 
Note1, for details). The first key mechanics index regarding the 
normalized flexibility f fle using LCCB theory (i.e., the effective flexibility 
δx/F of the strain-limiting wrinkled kirigami normalized by that of a 
defect-free straight ribbon l0/A11Hk of the same end-to-end length in the 
unit cell (Wang et al., 2020).), can be calculated by 
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f fle = δxA11Hk/Fl0 = δxA11(h + H)/Fl0 (1)  

where A11 is designated as the equivalent modulus of strain-limiting 
wrinkled kirigami to simplify the problem, as the high flexibility can 
be strongly influenced by the de-bending effect. Moreover, it is found 
that A11 is an intermediate quantity (i.e., the normalized flexibility f fle is 
not related to the equivalent modulus A11). δx is the horizontal 
displacement corresponding to applied loading. 

Since the analytical model in Fig. A2 (see SI Appendix Note1, for 
details) is a statically indeterminate problem, the balancing moment 
should be determined firstly. In SI Appendix Note 1, applying energy 
principles and variational methods gives the following relation for 
achieving the unknown M0 

M0 = FR(θk − 2sin(θk/2) + 2Jsin(θk/2) )/θk (2)  

where R is the curvature radius, ρ = 1/R is the corresponding curvature, 
0 < θk < π is the central angle, and J = 1 − (Hk/R)/ln ((2 + Hk/R)/(2 −

Hk/R) ) represents the effect of large-curvature curved beam (i.e., the 
pure bending normal stress of the curved beam exhibits a hyperbolic 
variation along its cross section). Through Eqs. (1) and (2), the f fle 

associated with dimensionless parameters 
(
h/H, l0/H, Ef/Es

)
can be 

given using the following equation: 

f fle = f fle
(
h/H, l0/H,Ef /Es

)
(3)  

where Ef = Ef/
(

1 − ν2
f

)
and Es = Es/

(
1 − ν2

s
)

are plane strain modulus 

of the thin film and substrate, respectively. νf and νs are the corre-
sponding Poisson’s ratios. The explicit form of Eq. (3) is given in SI 
Appendix Note 1: see Eq (A26). We should note that the close-form 

solution regarding Eq (A18) in SI Appendix Note 1 is derived based on 
the conventional composite beam theory. 

The second key mechanics index is the normalized stretchability. 
Three typical deformation effects, including de-bending effect (the 
limitation conditions are provided in SI Appendix Note 4), de-wrinkle 
effect and de-prestrain effect, can result in the significant stretch-
ability of strain-limiting wrinkled kirigami. As evident from Fig. 2, the 
strain-limiting wrinkled kirigami removes the built-in curvature to 
recover its flat configuration in the first stage (horizontal length: l to l2). 
And the thin film is still in its wrinkled state. With the increment of 
applied loading, de-wrinkle occurs for wrinkling surface of material. 
Due to flattering process of wrinkles, the horizontal length of the system 
changes from l2 to l3 in the second stage of de-wrinkle. After previous 
two stages, the system becomes fully flat, however, the residual pre-
strain and critical buckling strain remain. Therefore, the variation in 
horizontal length because of de-prestrain effect can be calculated by 
l3ε0, where ε0 =

(
3Es/Ef

)2/3/4 represents the critical buckling strain (or 
the minimum strain to induce the wrinkling/buckling, see Eq. (B26) in 
SI Appendix Note 2, for details). Next, with the ending of de-prestrain 
stage, further enhancement of applied loading can lead to the intrinsic 
rapture of thin film. In SI Appendix Note 5, assumption associated with 
constant contour length gives the following relationship for obtaining 
the horizontal length l3: 

λl3 = l2

∫ λ

0

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1 + (w′

)2
√

dx = l2

∫ λ

0

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1 + (Aksin(kx) )2

√
dx (4)  

where w = Acoskx is the out-of-plane displacement for the thin film, k =

2π/λ, λ and A are wavelength and amplitude of wrinkle, respectively. 
For the derivation of theoretical solution regarding normalized 

stretchability (see SI Appendix Note 5, for details), we adopt the buck-

Fig. 1. Schematic illustration of the process for fabrication of strain-limiting wrinkled kirigami material/device.  
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ling theory associated with finite deformations and geometric non-
linearities (see SI Appendix Note 3, for details) to produce the quanti-
tatively description of the wavelength λ and amplitude A: 

λ = λ*λ0/
((

1 + εp
) ̅̅̅̅̅̅̅̅̅̅̅

1 + ξ3
√ )

(5)  

A = A*A0/
( ̅̅̅̅̅̅̅̅̅̅̅̅̅

1 + εp
√ ̅̅̅̅̅̅̅̅̅̅̅

1 + ξ3
√ )

(6)  

where ξ = 5εp
(
1 + εp

)
/32. λ0 = 2πh

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

Ef/(3Es)
3
√

and A0 = h
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
εp/ε0 − 1

√

are the wavelength and amplitude based on small deformation theory. λ* 
and A* are prefactors, and εp is defined as the prestrain. As the classical 
column buckling characterizations with respect to wavelength and 
amplitude are not suitable for such a highly nonlinear problem (see SI 
Appendix Note 2 to Note 5, for details). Next, combining the evolutions 
of horizontal lengths (i.e., l, l2, l3, l1 to l4) , the normalized stretchability 
of strain-limiting wrinkled kirigami material can be defined as 

εstr =
( (

1 + εfai
)(

1 + εp
)
l0 − l

)
/lεfai (7)  

where εfai is the intrinsic failure strain of the thin film. According to Eqs. 
(4) to (7), SI Appendix Note 5 gives the following relationship for 
normalized stretchability associated with dimensionless parameters 
(
h/H, l0/H, Ef/Es, εp, εfai, λ*

)
, i.e., 

εstr = εstr
(
h/H, l0/H,Ef /Es, εp, εfai, λ*

)
(8)  

where the explicit form of Eq. (8) is provided in SI Appendix Note 5: see 
Eqs. (D7) to (D9). 

The third important mechanics index is the normalized compress-
ibility. As can be seen from Fig. E1 (see SI Appendix Section E, for de-
tails), an analytical model can be established to achieve the normalized 
compressibility for strain-limiting wrinkled kirigami. The top section in 
a unit cell can be refined based on the symmetry consideration. A 

compressive force F (x-direction) is applied at the right end of the 
analytical model. The peak strain εm (i.e., film strain) can be determined 
according to the film thickness and curvature radii of film/substrate 
system at the extrema of the waves. And based on the finite deformation 
theory and assumption of constant contour length (see SI Appendix Note 
3 and Note 6, for details), the peak strain can be calculated using the 
following relation: 

εm = εms + εmf (9)  

εms = hρs/2 = εms
(
h/H,Ef /Es, εp

)
(10)  

εmf = hρf /2 = εmf
(
Ef /Es, εp, εapp

)
(11)  

where εapp is defined as the applied strain, ρs represents the substrate 
curvature, ρf represents the curvature at peak or trough of the thin film. 
And the details with respect to Eq. (9) to Eq. (11) are provided in SI 
Appendix Note 6.: see Eqs. (E4)-(E5). Next, the key mechanics index 
towards the normalized compressibility is defined using a continued 
equality, i.e., 

εcom = εcom/εfai = εapp/εm (12)  

where εcom represents the elastic compressibility. The failure criterion 
we adopted here is εm = εfai. For example, εfai is the corresponding yield 
strain for the typical elastic–plastic materials. Finally, the normalized 
compressibility based on Eq. (12) can be related to dimensionless pa-
rameters 

(
h/H,Ef/Es, εp, εfai

)
by 

εcom = εcom
(
h/H,Ef /Es, εp, εfai

)
(13)  

where the explicit form of Eq. (13) is provided in SI Appendix Note 6: see 
Eqs. (E7). 

So far, key mechanics indexes associated with normalized flexibility, 
stretchability and compressibility have been determined. Preliminary 

Fig. 2. Schematic illustration of deformation evolutions for the strain-limiting wrinkled kirigami material under stretching. Three typical effects including de- 
bending effect, de-wrinkle effect and de-prestrain can guarantee the high stretchability (high flexibility can be strongly influenced by the de-bending effect). 
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inspiration of Eqs. (3), (8) and (13) indicates that it is difficult to 
ascertain the evolutional relations between normalized mechanics in-
dexes and dimensionless parameters due to the complexity of theoretical 
solutions. And thus, further analysis should be suitably performed to 
uncover the underlying relations of three key indexes and various 
dimensionless parameters, as we provided in Section 3. In addition, to 
provide a full understanding of highly parallel global buckling and local 
wrinkling, the limitation conditions, including the critical prestrain and 
the critical length, are provided in SI Appendix Note 4. According to 
theoretical solutions, numerical calculations and experimental results, 
the corresponding investigations are also carried out in Section 3. 

3. Results and discussion 

3.1. Comparison of theoretical, computational and experimental results 

In current research, all numerical simulations are performed with use 
of nonlinear, plane strain finite element method (FEM) in the ABAQUS 
commercial software. The compliant substrate is modeled using 
dielectric elastomer with Young’s modulus of 0.18 MPa and Poisson 
ratio of 0.45. The stiff film is designated as polyimide (PI) thin film with 
Young’s modulus of 2.5 GPa, Poisson ratio of 0.34 and yield strain of 
0.02. To induce the global buckling and local wrinkling, initial geometry 
imperfection from linear perturbation is introduced to update the 

Fig. 3. Comparison of theoretical, numerical and experimental results for normalized flexibility, stretchability and compressibility. (a) Normalized flexibility versus 
substrate-to-film thickness ratio based on theoretical solution and FEM results. (b) Experimental force–displacement curves for the representative strain-limiting 
wrinkled kirigami materials. (c) Normalized flexibility versus substrate-to-film thickness ratio based on theoretical results and experiments. (d) Normalized 
stretchability versus substrate-to-film thickness ratio based on theoretical solutions and FEM calculations. (e) Wavelength of buckled strain-limiting wrinkled kir-
igami of thin film on substrate as a function of the applied strain. The finite-deformation buckling theory yields wavelengths that can agree well with experiments. (f) 
Normalized compressibility versus substrate-to-film thickness ratio based on theoretical solutions and numerical calculations. 
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computational model. The equivalent deformation associated with pre- 
strained substrate is introduced by initial predefined field. And then, the 
size of elements is carefully determined using convergence test. 

The tensile experiment based on high-precision in-situ tensile system 
(including CMOS connected to the computer, optical microscope, and 
miniature tester, see Fig. 4c for details) is performed to validate the 
analytical model. For the strain-limiting wrinkling kirigami material, 
the sample is carefully clamped with skidproof chunks of the in-situ 
tester. The slow tension velocity of 0.0005 m/s is carried out to obtain 
the micromesh force–displacement curve. Based on Eq. (1), one can 
separately determine the elongation in the strain-limiting wrinkle kir-
igami and in a defect-free (without curvature and wrinkling) film/sub-
strate system. For specific geometries, the experiments are determined 
using a number of kirigami materials, and optical microscope (see 
Fig. 4c for details) can be used to characterize the local morphology of 
strain-limiting wrinkling kirigami. As evident from Fig. 4a, Fig. 4d and 
Fig. 4e, experimental snapshots of postbuckling process with regard to 
strain-limiting wrinkled kirigami material are provided, the typical de- 
bending, de-wrinkle, de-prestrain phenomena can be observed during 
the tension tests. 

Figure 3a shows the typical evolution of normalized flexibility with 
the increasing thickness ratio H/h for strain-limiting wrinkled kirigami: 
first a monotonic increase of f fle followed by a drop, after which the 
normalized flexibility varies in a lesser extent. The results from FEM 
agree well with the LCCB theoretical analysis, while the analytical so-
lution with respect to composite beam theory in Fig. 3a is only available 
for small width/radius ratio (see SI Appendix Note 1 and Note 2, for 
details). Here, the prestrain and initial length must be larger than the 
transitions because of the finite thickness effect of compliant substrate 
(see SI Appendix Note 4, for details). Fig. 3b and Fig. 3c provide com-
parison of LCCB theoretical solutions obtained from Eq. (3) and exper-
imental results corresponding to different thickness ratios (H/h = 400, 
600, 800). For all samples in experiments, the large width in z-direction 
(see Fig. 1, for details) is applied to model the plane strain state and 
suppress the lateral buckling. The force–displacement curves in Fig. 3b 
obviously show that the strain-limiting wrinkled kirigami (H/h = 600) 
is always more compliant (see the slope of f fle) than that of defect-free (i. 
e., without strain limit) film/substrate system due to de-bending effect. 
Normalized flexibility for experimental samples in Fig. 3c is in surpris-
ingly good agreement with the theoretical prediction, indicating the 
theoretical model considering LCCB theory and energy approach can be 
effective to provide insights into the design of strain-limiting wrinkled 
kirigami. 

Figure 3d shows the nonlinear relation between normalized 
stretchability εstr based on Eq. (8) and substrate-to-film thickness ratio 
H/h for the strain-limiting wrinkled kirigami. The analytical solution 
and numerical results are separately plotted as the black dash line and 
red filled rectangles. The evolution of εstr is monotonic. With increasing 
of H/h the normalized stretchability decreases, suggesting that the large 
substrate-to-film thickness ratio, in principle, is always detrimental to 
the enhancement of stretchability. Particularly, in the case of H/h =

400, the normalized stretchability is equal to 20.14, indicating that the 
stretchability is increased by 20.14 times as compared with that of the 
single system consisting of thin film material without strain-limiting 
design (i.e., without global buckling and local wrinkling). As shown in 
Fig. 3e, the average amplitude given in Eq. (6) expression (i.e., theo-
retical results) agrees well with the experimental results (see Fig. 4d, for 
details), while the amplitude A0 based on the previous linear theory (see 
SI Appendix Note 2, for details) clearly underestimates. 

Figure 3f displays the dependency between normalized compress-
ibility εcom from Eq. (13) and substrate-to-film thickness ratio H/h. With 
increasing of H/h the normalized compressibility is monotonic 
decreasing, where the black dash line and red filled rectangles represent 
the solution for εcom and FEM results, respectively. Here, insensitive 
evolution of normalized compressibility presents the relatively low and 

stable enhancement of compressibility. However, the comprehensive 
understanding stemmed from parameterized designs can give us the 
broader landscapes regarding normalized compressibility. Over the 
whole domain from Fig. 3d and Fig. 3f, the FEM results are in excellent 
agreement with the analytical solutions. 

Figure 4a and b show the head-to-head comparison of experimental 
and numerical postbuckling deformation evolution for strain-limiting 
wrinkled kirigami with H/h = 600, associated with the significant de- 
bending, de-wrinkle and de-prestrain effects for the applied strain 
from 0 to 27.7%. The amplitude and wavelength of wrinkles are 
decreasing (down to zero) and increasing (up to ∞) with the increasing 
of applied strain, respectively, which agree with the analysis based on 
finite-deformation buckling theory. To provide a clearly comparison, the 
color bars in corresponding numerical calculations (H/h = 600 for 
Fig. 4b) represent the principal strains. And the postbuckling de-
formations from FEM calculations are consistent with experimental 
images. In Fig. 4c to 4e, optical images of local (close to ends of strain- 
limiting wrinkled kirigami, see Fig. 4d for details) and global (see Fig. 4e 
for details) buckling morphologies are provided. As we can see from the 
snapshots in Fig. 4d and Fig. 4e (H/h = 800), the strain-limiting wrin-
kled kirigami materials undergo the combined de-bending and de- 
wrinkle deformation. With increasing of applied strain, the specific 
wavelength increases, as evident from Fig. 4d. According to the discrete 
Fourier spectrum-based inversion (Hou et al., 2021), the wrinkling 
amplitude can be evaluated using A =

2λ
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
lw/λ − 1

√
/π ≈ 2λ

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1/
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 − π2h2/6λ2
√

− 1
√

/π, which is a typical 

monotone decreasing function with the increasing of wrinkling wave-
length and specific thickness of h. In particular, if λ = lw (lw represents 
the cross-sectional half arc-length of a single wrinkle wave), the wrin-
kling amplitude is equal to zero (see applied strain of 0.268 in Fig. 4d, 
for details). 

Moreover, Fig. D1 (see SI Appendix Note5, for details) shows the 
mean wavelength of the surface wrinkles in our experiments, which can 
agree well with the evaluation based on Eq. (5) when λ* is equal to 2. 
This comparison also suggests a non-negligible change of wavelength 
and amplitude between the wrinkles with and without built-in curvature 
because of strain-limiting effect. 

Figure 4f indicates that strain-limiting wrinkled kirigami materials 
can offer coexistent high flexibility, stretchability and compressibility, 
and our design strategies can be suitable for both discrete and distrib-
uted flexible systems, enabling strain-limiting wrinkled kirigami to 
accommodate extreme mechanical deformations without damage, such 
as stretching, compressing and twisting like a rubber ribbon. Finally, we 
find that the robustness of the strain-limiting wrinkled kirigami with 
conductive polymer-silver film can be demonstrated by the stable 
brightness of light emitting diode under the high stretching, compress-
ing and twisting, opening up the tremendous possibility for many device 
applications (see Fig. 4g). Especially, the large stretching strains enabled 
by strain-limiting wrinkled kirigami with conductive polymer film may 
have the increasing resistance (see Fig. 4h), potentially useful in a va-
riety of devices, including stretchable current collectors, electrodes and 
piezoelectric harvesters (Shyu et al., 2015). However, such a large 
resistance change might not be acceptable in some practical applica-
tions. Further work should be directed at studying how stable resistance 
curves could be generated using the strain-limiting wrinkled kirigami 
with an extremely large applied strain. For the present analysis, it has 
been found that these normalized resistances remain almost unchanged 
during the linear response and quasilinear response stages (see Fig. 3b 
and Fig. 4h, for details). To evaluate and check the stability and reli-
ability, the load-applied strain curves of strain-limiting wrinkled kir-
igami are provided in Fig. 4i. Generally, the curves at cycle 40 can match 
well with the curves at cycle 1, implying small strain energy losses. 
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Fig. 4. (a-b) The head-to-head compari-
son of postbuckling deformation evolu-
tion for strain-limiting wrinkled kirigami 
with H/h = 600 among experiments and 
FEM results. The significant de-bending, 
de-wrinkle and de-prestrain phenomena 
can be detected during the experimental 
observation and corresponding simula-
tion snapshots, where the color bars 
represent the strains. (c) Experimental 
apparatus for measuring the force-
–displacement curves and detailed 
wrinkle morphologies. (d) Optical mi-
crographs of buckled strain-limiting 
wrinkled kirigami (H/h = 800), formed 
with various applied strain. The wave-
length increases and amplitude decreases 
systematically as the applied strain in-
creases (see Supplementary Movie). (e) 
Postbuckling deformation evolution for 
strain-limiting wrinkled kirigami with 
H/h = 800. (f) Optical image of a freely 
deformed strain-limiting wrinkled kir-
igami, which can accommodate extreme 
mechanical deformations without dam-
age, such as stretching, compressing and 
twisting like a rubber ribbon. (g) Sche-
matic illustration and demonstration of 
the strain-limiting wrinkled kirigami 
with conductive polymer film can be 
highly stretchable, compressible and 
twistable as an electrical conductor to 
wire light emitting diode. (h) Variations 
in normalized resistance of the strain- 
limiting wrinkled kirigami with conduc-
tive polymer film under different strain 
conditions. (i) The load-applied strain 
curves of strain-limiting wrinkled kir-
igami, implying small strain energy los-
ses for 40 cycles of loadings.   
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3.2. Parameterization analysis of strain-limiting wrinkled kirigami 

In this section, we perform the parameterization analysis and unveil 
the effects of typical dimensionless parameters from Eqs. (3), (8) and 
(13) on the normalized flexibility, stretchability and compressibility. 
Limitation conditions involving highly parallel global buckling and local 
wrinkling of strain-limiting wrinkled kirigami are also demonstrated. 
We anticipate the collective results can provide the comprehensive un-
derstanding and reliable guideline in enhancing flexibility, stretch-
ability and compressibility for novel strain-limiting wrinkled kirigami 
materials. 

3.2.1. Effects of geometry parameters on normalized flexibility 
Figure 5a and b respectively show the effects of substrate-to-film 

thickness ratio H/h and film-to-substrate modulus ratio Ef/Es on 
normalized flexibility with various initial length l0 (or l0/H). Obviously, 
Fig. 5a presents that with increasing of H/h for specific initial length/ 
substrate thickness ratio l0/H the normalized flexibility is non-
monotonic: when H/h is closed to the maxima, it causes a drastic drop of 
f fle. For specific thickness ratio, however, the larger initial length will 
lead to the significant enhancement regarding f fle. For example, 
normalized flexibility with large l0/H is increased by 573.09 times as 
compared with that of small l0/H (see red dots in Fig. 5a from the pa-
rameters (H/h, l0) = (2800,16mm) to (H/h, l0) = (2800,866mm)). This 
also constitutes dramatic evidence of ultra-high flexibility for strain- 
limiting wrinkled kirigami, which is reasonably robust than that of 
strain-limiting substrate materials without built-in curvature for 
stretchable and flexible electronics (Ma et al., 2016a). Fig. 5b reveals the 
typical evolutions for the increasing of film-to-substrate modulus ratio 
Ef/Es: first a linear increase of f fle, and then followed by a moderate 
drop, for the specific initial length/substrate thickness ratio. When Ef/Es 

is constant, however, with the increasing of l0/H the normalized flexi-
bility increases except for some unanticipated expectations, as evident 
from elliptical frame in Fig. 5b. Based on these findings associated with 
different dimensionless parameters (i.e., H/h, l0/H and Ef/Es), we find 
that remarkable initial length design can, in some case, carry tremen-
dous potential in enhancing the flexibility. And for biomedical device 
applications, the high flexibility can match the values (such as 1 < f fle <

580 in Fig. 5a and Fig. 5b) beyond those of targeted biological tissues, 
avoiding any mechanical constraint on natural motions (Ma et al., 
2016a). 

Moreover, Timoshenko and Goodier (Timoshenko & Goodier, 1970; 
Wang and Wang, 2020; Wang et al., 2020) compared the elasticity 
theory with the LCCB theory and conventional beam theory for the pure 
bending of a beam with various width/radius ratio (rectangular cross- 

section). They found that LCCB solutions can be in good agreement 
with elastic solutions for a wide range of width/radius ratio ρrel. Here, 

the width/radius ratio can be determined using ρrel = 6⋅ 

32/3(1 + h/H)
(

h3Ef/
(
H3Es

) )1/3 (see SI Appendix Note 2, for details), 

based on which Fig. A3 and Fig. A4 (see SI Appendix Note 2, for details) 
presents the evolution of ρrel. For the material parameters of Ef =

2.5GPa, Es = 0.18MPa, νf = 0.34 and νs = 0.45 in Fig. A3 and the 
specific ratio of H/h = 600 in Fig. A4 (see SI Appendix Note 2, for de-
tails), the analytical solution with respect to conventional composite 
beam theory (see Eq. (A18) in SI Appendix Note1, for details) is only 
available for ρrel < 0.2, otherwise, the significant divergence can be 
obtained as we can see from Fig. 3a. 

3.2.2. Effects of geometry parameters on normalized stretchability 
To reveal the effects of dimensionless parameters on the normalized 

stretchability, we start by investigating the limitation conditions with 
regard to global buckling and local buckling of strain-limiting wrinkled 
kirigami. In SI Appendix Note 4, comparison of the potential energies 
Uf +Us and the total energy without wrinkle deformation U′

f +

U′

ssuggests that global buckling and local wrinkling occur when U′

f +

U′

s > Uf + Us, and we have 

εp >
(
1 + 4hEf /(HEs)

)(
k2h2/12 + g(kH)Es/

(
khEf

) )
(14a)  

g(x) =
(
1 + 2x2 + cosh(2x)

)
/( − 4x + 2sinh(2x) ) (14b) 

According to Eq. (14), Fig. 6a shows the critical prestrain εc curve for 
the increasing thickness ratio H/h. When εp > εc, the substrate cannot 
shrink to its initial length after the release of the prestrain, and the 
strain-limiting wrinkled kirigami with local/surface wrinkling will bend 
globally. Numerical calculations from FEM match well with the pre-
diction in Eq. (14). While for the specific critical prestrain the material 
has a limit of the substrate-to-film thickness ratio (such as 
(
Ef h3

)
/
(
EsH3

)
≈ 0.064), below which global buckling (without wrin-

kling) occur. For the H/h above this limit, global buckling may still occur 
if the initial length l0 above the critical length Lcr (see SI Appendix Note 
4, for details). Fig. 6b presents the phase diagram regarding global 
buckling and local wrinkling for different dimensionless parameters Lcr/

h and H/h. The inset shows the experimental image of global buckling 
kirigami material (PI thin film and dielectric elastomer substrate). It is 
hoped that applications of strain-limiting pluripotent materials in the 
flexible devices will become more frequent already in the near future, 
these limitation conditions have been considered in current research. 

Figure 6c to f provide the distribution of normalized stretchability 
towards the dimensionless parameters, such as substrate-to-film 

Fig. 5. (a) Distribution of the normalized flexibility for the thickness ratio H/h and initial length (16mm⩽l0⩽866mm). (b) Distribution of the normalized flexibility for 
the film-to-substrate modulus ratio Ef/Es and initial length (16mm⩽l0⩽66mm). 
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Fig. 6. (a) The critical prestrain 
versus substrate-to-film thickness ratio 
for a PI thin film on a dielectric elas-
tomer. (b) The critical film length that 
separates local wrinkling from global 
buckling. (c) The effects of substrate- 
to-film thickness ratio on normalized 
stretchability for different initial 
lengths. (d) The effects of substrate-to- 
film thickness ratio on normalized 
stretchability for different prestrains. 
(e) The effects of film-to-substrate 
modulus ratio on normalized stretch-
ability for different initial lengths. (f) 
The effects of film-to-substrate 
modulus ratio on normalized stretch-
ability for various prestrains. (g) Dis-
tribution of normalized flexibility with 
regard to substrate-to-film thickness 
ratio and film-to-substrate modulus 
ratio. (h) Distribution of normalized 
stretchability with regard to substrate- 
to-film thickness ratio and film-to- 
substrate modulus ratio.   
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thickness ratio, initial length/substrate thickness ratio, prestrain and 
film-to-substrate modulus ratio. Fig. 6c shows the effects of H/h and l0/H 
(6mm⩽l0⩽80mm) on εstr. For the constant l0/H, the larger thickness of 
the substrate will lead to convergent values of normalized stretchability. 
But so-called long arm effect associated with l0 will significantly 
enhance the εstr, for the specific thickness ratio. Fig. 6d shows the evo-
lutions of εstr when l0/H = 26/3, εfai = 0.02, λ* = 2 and the prestrain 
varies (0.1⩽εp⩽0.7). For example, in the case of εp = 0.7 the normalized 
stretchability decreases with increasing of H/h. While, for a specific 
thickness ratio the εstr increase linearly with the enhancement of pre-
strain for H/h > 1000. As can be seen from Fig. 6e and Fig. 6f, if we 
designate a constant thickness ratio, such as H/h = 1000, the effects of 
Ef/Es on normalized stretchability according to Eq. (8) can be directly 
demonstrated. Fig. 6e indicates that the large film-to-substrate modulus 
ratio and large initial length can bring substantial increases in the 
normalized stretchability. And the εstr based on Eq. (8) is insensitive 
under the circumstance of a small ratio l0/H, where initial length is from 
16 mm to 66 mm. For the prestrain of 0.02 as illustrated in Fig. 6f, the 
normalized stretchability will increase slightly when Ef/Es changes from 
0 to 30000. Equally, the εstr increases linearly if the prestrain increases. 

Up to now, parameterization analysis associated with normalized 
flexibility and stretchability by designating one design variable has been 
performed. Next, according to Eq. (3) and Eq. (8), Fig. 6g and Fig. 6h 
provide insights into the normalized flexibility and stretchability of 
strain-limiting wrinkled kirigami towards two typical design variables 
(i.e., the substrate-to-film thickness ratio H/h and film-to-substrate 
modulus ratio Ef/Es). The color bars in Fig. 6g and Fig. 6h represent 
the values of f fle and εstr, respectively. The most comprehensive under-
standing regarding Fig. 6g and Fig. 6h is that contour diagrams give us 

not only the refined results (see Fig. 6h) to graphs in Fig. 6c to Fig. 6h but 
also the broader scopes of typical dimensionless parameters (see 
Fig. 6g). 

3.2.3. Effects of geometry parameters on normalized compressibility 
We have demonstrated that upon stretching strain-limiting wrinkled 

kirigami materials enable the high flexibility and stretchability due to 
de-bending, de-wrinkle and de-prestrain effects. There is, in fact, much 
evidence to indicate that the kirigami materials can bring increases in 
the compressibility, which develops the scope of practical applications. 
Fig. 7a to d show the parameterized investigations towards the peak 
strain and normalized compressibility. As according to Eq. (13) the 
normalized compressibility is found to be closely related to the peak 
strain. For the compression process of strain-limiting wrinkled kirigami, 
the peak strain will increase if the applied strain εapp increases, as 
detailed in Fig. 7a. Equally, it can be seen from the plots that the 
enhancement of prestrain can cause the large peak strain based on Eqs. 
(9)-(11) (see SI Appendix Note 6, for details). For the different film-to- 
substrate modulus ratios, Fig. 7b shows the effects of Ef/Es on εm for 
the prestrain ranging from 0.1 to 0.9. With the increasing of Ef/Es and εp, 
the εm can decrease and increase, respectively. This contribution of 
dimensionless parametric properties on controllability associated with 
peak strain is accordance with previous experiments, such as those for 
single-crystal silicon on rubber substrates toward the high-performance 
electronics (Khang et al., 2006), which can signify the attractive ability 
for material design presents a promising technology in regulating 
(reducing or enhancing) the peak strain. Next, Fig. 7c and Fig. 7d pro-
vide the evolutions of normalized compressibility for H/h and Ef/Es, 
separately. Fig. 7c reveals that the normalized compressibility εcom will 

Fig. 7. (a) The peak strain verse applied strain with various prestrain. (b) The peak strain verse film-to-substrate modulus ratio with various prestrain. (c) The 
normalized compressibility evolutions for increasing prestrain and substrate-to-film thickness ratio. (d) The normalized compressibility evolutions for increasing 
prestrain and film-to-substrate modulus ratio. 
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decrease as the increasing of prestrain. And in some cases (i.e., 
0.091 < εp < 0.1) the 1/εcom will exceed 1, this suggests that the peak 
strain may exceed the applied strain according to Eq. (12). These ob-
servations directly demonstrate that compressibility design of strain- 
limiting wrinkled kirigami should be carefully performed, and not all 
the kirigami materials are helpful to increase the compressibility. 
Finally, Fig. 7d shows the enhancement of normalized compressibility 
by regulating the dimensionless parameters with respect to film-to- 
substrate modulus ratio and prestrain when H/h = 400 and εfai =

0.02. For example, in the case of Ef/Es = 40000, such as PI thin film and 
ecoflex substrate with Es = 60kPa, the compressibility is increased by ~ 
4 times as compared with that of the single system consisted of thin film 
material without global buckling and local wrinkling (see red dot in 
Fig. 7d). 

3.2.4. Compressibility of strain-limiting wrinkled kirigami based on stability 
analysis 

Although the theoretical solution of normalized compressibility can 
provide the effective predictions and insights into rational design (see 
Fig. 7), there is always room for improvement. And much work should 
be devoted to a systematic investigation of geometric effects on 
compression-induced global buckling/instability and resultant 
compressibility, the authors will answer this question in this section. 
From the viewpoint of mechanics, the concept of geometric imperfection 
can be introduced to describe the strain-limiting effect of kirigami. 
Equally, the presence of the geometry imperfection can significantly 
affect their mechanical responses in the buckling process. Therefore, 
based on the moderate deformation assumption and analysis model 
obtained from experiments (see Fig. E1 in SI Appendix Note 7, for de-
tails), we investigate the compressibility of strain-limiting wrinkled 

kirigami using the stability analysis (see SI Appendix Note 7, for details). 
Especially, a nonhomogeneous fourth-order ordinary-differential equa-
tion can be established to characterize the deformation state of strain- 
limiting wrinkled kirigami beam with geometric imperfection, i.e., 

ŵiv
+ F̂ ŵ′′

− ŵ′′ι
∫ 1

0

(
ŵ2′

− ŵ2′

0

)
dx̂/2 = ŵiv

0 (15)  

where the prime represents the derivative of normalized deflection 
function with regard to the spatial coordinate × , and the dimensionless 
parameters with respect to ŵ, x̂, F̂ and ι are provided in Eq. (E14) (see SI 
Appendix Note 7, for details). Correspondingly, the critical buckling 
loading can be obtained using the following relation: 

Fcritical = − wmulπ2
(

Aaxiala2
0 − 16Dbending − 12A1/3

axialD
2/3
bendinga2/3

0

)
/4l2 (16)  

where wmul represents the width of kirigami beam (SI Appendix Note 1, 
for details), a0 represents the midspan initial rise of wrinkled-kirigami 
beam (see Eq. (E19) in SI Appendix Note 7, for details), Aaxial and 
Dbending are the axial and bending stiffness (see Eq. (E12) in SI Appendix 
Note 7, for details), respectively. Moreover, based on the assumption of 
constant contour length, the minimum length lmin of strain-limiting 
wrinkled kirigami can be used to calculate the compressibility 
εcom− stability = (l − lmin)/l, i.e., 

εcom− stability = εcom− stability
(
h/H, l0/H,Ef /Es

)
(17)  

where lmin and l are provided in Eq. (E27) (see SI Appendix Note 7, for 
details) and Eq. (A17) (see SI Appendix Note 1, for details), respectively. 

Figure 8a and b present the effects of substrate-to-film thickness ratio 
H/h and film-to-substrate modulus ratio Ef/Es on compressibility based 

Fig. 8. (a) The effects of substrate-to-film thickness ratio on compressibility via stability analysis for various initial length. (b) Evolutions of compressibility based on 
stability analysis for increasing initial length and film-to-substrate modulus ratio. (c) Evolutions rules of compressibility with respect to peak strain calculation and 
stability analysis for different substrate-to-film thickness ratio. 
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on stability analysis with different initial length, i.e. l0/H. With 
increasing of substrate-to-film thickness ratio H/h the compressibility is 
monotonic, as we can see from Fig. 8a. For a specific thickness ratio of 
H/h, the larger initial length ratio of l0/H can lead to the larger 
compressibility. However, Fig. 8b shows that with increasing of film-to- 
substrate modulus ratio Ef/Es the compressibility εcom− stability based on 
stability analysis is nonmonotonic: first a significant decline of 
εcom− stability followed by a slight increase, after which the compressibility 
varies in a lesser extent. Whereas, for a specific modulus ratio Ef/Es, the 
compressibility increases with enhancement of initial length l0/H. 
Finally, as a basis for further investigation and validation of the fungi-
bility of the proposed theoretical framework, we provide and demon-
strate the evolution rules regarding compressibility of strain-limiting 
wrinkled kirigami, i.e., the rules based on peak strain calculation 
(εcom− peak, see SI Appendix Note 6 and Note 7, for details) and stability 
analysis (εcom− stability, see SI Appendix Note 7, for details), as evident from 
Fig. 8c and Fig. E2 (see SI Appendix Note 7, for details). It can be seen 
from the plots that the larger prestrain can lead to larger compressibility. 
With increasing of H/h and Ef/Es, the compressibility via peak strain 
calculation will increase and decrease, respectively, which can compare 
favorably with the typical evolutions in Fig. 8a and Fig. 8b. More 
importantly, for the specific geometric parameters (such as εp = 0.4 and 
l0 = 30mm), the compressibility, in principle, is always equal to 
min

{
εcom− stability, εcom− peak

}
, which the corresponding landscape can be 

found in Fig. 8c for the yellow space. 

4. Conclusions 

We have applied closed-form analytical solutions, based on plane- 
strain composite beam theory, LCCB theory, energy approach, buck-
ling theory regarding finite deformations and geometric nonlinearities, 
FEM calculations and experiments to demonstrate the effects of different 
dimensionless parameters on the normalized flexibility, normalized 
stretchability, and normalized compressibility of strain-limiting wrin-
kled kirigami materials in a systematic manner. The accuracy of 
analytical solutions and postbuckling process is validated by combining 
the FEM and in-situ tension experiments. This study shows that large 
normalized flexibility and stretchability can be strongly influenced by 
de-bending effect, de-wrinkle effect and de-prestrain effect, normalized 
compressibility is attributed to the peak strain, and the compressibility 
of strain-limiting wrinkled kirigami with geometrically imperfect con-
siderations can be manipulated for a desired response based on stability 
analysis. The flexibility, stretchability and compressibility, with some 
rare exceptions, can be enhanced by several orders of magnitude 
through systematic parameterization investigations. Based on these 
findings and design strategy associated with highly parallel global 
buckling and local wrinkling, the broader scope of dimensionless pa-
rameters and resultant database can be effective in speed-up of search-
ing the higher flexibility, stretchability and compressibility for stain- 
limiting wrinkled kirigami materials. The results obtained in this 
paper develop the design space of existing materials with coexisting high 
flexibility, stretchability and compressibility, and hold promising po-
tential for practical applications in flexible and stretchable conductors 
and piezoelectric harvesters. 
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