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A B S T R A C T   

This paper establishes three analytical models, including the interface bonded type (B-type), interface sliding 
type (S-type) and the lateral constrained type (C-type), to reveal the effects of the partial contact and lateral 
constraints on the film wrinkling behaviors. Due to the geometrical and contact nonlinearities, a numerical 
method is applied to solving the displacement and stress fields, and the shear-lag effect caused by contact is 
included. The deformation of the film can be characterized by 5 processes, firstly compressing (I), secondly 
wrinkling (II), then the growing of wrinkled part giving rise to point contact (III), line contact (IV), and finally 
mode transition(V), which are verified by a demonstrative experiment. Moreover, effects of the contact pa-
rameters, including the interfacial strength, interfacial stiffness and the initial contact region length, on the 
deformation of the film are analyzed. Finally, the established models are applied to characterize the wrinkling 
behaviors of a graphene contacting to the polyethylene terephthalate (PET). The minimum pre-existing defect 
size for graphene wrinkling is 7 nm, less than which the interface failure precedes the film wrinkling. The critical 
wrinkling strain shows significant size effect when the graphene length is less than 13μm, where all the interfaces 
participate the load transfer. The obtained results are consistent with the experimental and the numerical data 
given in the references, where the differences are also discussed detailly.   

1. Introduction 

When subjected to the uniform compression, a film bonded on the 
substrate can be wrinkled and present different instability morphologies 
[2,3,15,19,20,33,42,43,47]. Such a film/substrate system has been 
extensively studied due to its potential application in many interesting 
fields, including the stretchable electronics [26], the 
micro/nano-fabrications [38] and the mechanical properties measure-
ments of films [36]. However, the assumption of the continuous bonding 
between the film and the substrate is not always suitable for most of the 
film/substrate system. Especially, in the practical applications, the 
interface defects [41], the local delamination [17] and the partially 
discrete bonding [9] are more common. Taking the stretchable elec-
tronics for example, the Si/Ferroelectric nanoribbons are integrated on 
the discontinuous elastomeric substrates, where the discrete interface 
bonding results in the “wavy” configurations of the soft supports to 
achieve reversible, linear elastic responses to large strain deformations 
[12,21]. Because the interface of the film and the substrate with 

discontinuous bonding is similar to the partial contact usually meaning 
that two objects are not in full contact in the references [25,31,40], the 
film partially making contact with the substrate is called as the partial 
contact condition. How to evaluate the effect of the partial contact on 
the film wrinkling is important. 

For the film with the partial contact interface, one of the very com-
mon phenomena is the interfacial sliding [7,14,24]. It is always 
considered as the disastrous consequences for the film/substrate system 
because the structures will automatically fail once the interfacial sliding 
appears [10,11,34]. For the stretchable and flexible electronics formed 
by the inorganic films and the plastic substrate, interfacial slippage is 
very dangerous because it often occurs before material rupture when 
subjected to repeated bending or stretching in application [11]. On the 
other hand, the interfacial sliding can be fully utilized by characterizing 
the wrinkles formed by the film [39,23]. For example, in the silicone 
rubber/cell system, the traction force between cells and the silicone film 
can be visualized by film wrinkling when tissue cells move forward and 
the intrinsic properties of such film can also be estimated by cells’ 
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locomotion [1,32]. However, due to the introduction of the interfacial 
sliding, variety of problems are involved, including the predictions of 
the critical wrinkling stress/strain, the stress/strain transfer mechanism 
at the interface, and the evolution of the sliding and wrinkling [6,44,46]. 
Thus, it is crucial to comprehensively evaluate the effect of the inter-
facial sliding on the film wrinkling when contacting with the substrate. 

Mostly, the surrounding of the film is not a free space but a con-
strained one in practical application (Zhang et al., 2018; [4,13]). Thus, 
the lateral constraints for the film deformation in most cases are very 
common and the wrinkle formed by the film can make contact with the 
surrounding environment or the substrate. For the Si nanoribbons/ 
micro-patterned substrate system used as the stretchable electronic, the 
downward buckles will appear by tuning the micro-patterns and then 
make contact with the substrate (Zhang et al., 2018). Moreover, the 
lateral constrained film wrinkling is an important issue in the applica-
tion of the Lithium-ion batteries (LIBs). After encapsulation, wrinkles 
formed by the solid-electrolyte interphase (SEI) layer will be constrained 
by the surrounding environment [29,30]. Thus, when the lateral con-
strained space is introduced, some new question may arise. For example, 
what will happen to the configuration of wrinkles and what will happen 
to the mechanism of interface load transfer? Therefore, it is essential to 
include the effect of the lateral constraints in the film wrinkling. 

Although the critical wrinkling strain of the film/substrate system is 
predicted in Hutchinson and Suo’s work [22], the film is perfectly 
bonded to substrate there and the interfacial sliding is not considered. 
The interfacial sliding is often considered in some practical cases [7,11, 
14,24,39,23], where the continuous interface bonding is always 
assumed. In addition, the effects of the lateral constraints are generally 
discussed for the column, plates, beams and balloon (Zhang et al., 2018; 
[5,29]), very little research has focused on the film wrinkling, especially 
when the partial contact is involved. However, in practical applications, 
the film wrinkling, the partial contact, the interfacial sliding and the 
lateral constraint always exist simultaneously ([1,5,23]; Zhang et al., 
2018). They interact on each other, making the problem so complicated. 
More importantly, two nonlinear behaviors of the structural mechanics 
are involved in this problem, including the geometry and the contact 
nonlinearities. When wrinkles appear, the geometry nonlinearity should 
be considered to describe the large deformation behavior of the film [18, 
22]. After the interfacial sliding is introduced, boundaries of the contact 
region will change and then the contact nonlinearity is included [11,23, 
39]. Moreover, due to the lateral constrained space, wrinkles will make 
contact with the surrounding environment or the substrate and the 
configuration of wrinkles will change greatly with the increase of the 
contact region, where the contact nonlinearity is also included [4]. 

Based on investigations of the existing literature and the consider-
ations mentioned above, assumptions of the typical film/substrate sys-
tem need to be further released in the practical application, including 
the continuously desired bonding, the perfect bonding interface and the 
free space in surroundings. In this paper, the partial contact interface, 
the interfacial sliding and the lateral constraint are all involved to study 
the wrinkling behaviors of the film. This paper is organized as follows. In 
Section 2, three analytical models, including the B-type, S-type and C- 
type ones, are established, where the assumptions of the continuously 
desired bonding, the perfect bonding interface and the free space in 
surroundings are released one by one. Deformations of the film and the 
change of the interface are then characterized analytically by a set of 
governing equations. In Section 3, due to the double nonlinearity, the 
solving ideas are designed and the numerical solutions are performed. 
Section 4 is devoted to illustrate the effect of the interfacial strength, the 
interfacial stiffness and the initial contact region length on the wrinkling 
of the film. Then, wrinkling behaviors of the graphene contacting with 
the polyethylene terephthalate (PET) are characterized using our 
analytical models and compare with the results in the references. 
Finally, the paper ends up with some remarkable conclusions. 

2. Model formulation 

2.1. Description of the model 

In the current work, we investigate the wrinkling behaviors of an 
isotropic film in contact with an elastic substrate, where the partial 
contact and the lateral constraint are considered. This work, as shown in 
Fig. 1(a), starts with the bonded interface called as the B-type, where the 
imperfection is introduced in the middle. 

By replacing the perfect bonding at the interface with interfacial 
sliding, as shown in Fig. 1(b), the shear-lag effect is analyzed. And 
considering that the interfacial interactions may be the ligand-receptor 
bonds for silicone rubber/cell system [16,35] or the van der Waals in-
teractions for graphene/substrate [8,9] and Cu/X (X = W, Nb or Zr) 
[37], the local springs are introduced to simplify the friction and 
adhesion interactions between film and substrate. For simplicity, this 
case is named as the S-type. Further, as shown in Fig. 1(c), the 
assumption of the free lateral space is released and the rigid plates are 
set as the constraints, which is called the C-type. The geometric and 
elastic parameters of the film and the elastic substrate are lf × bf × hf,Ef,νf 
and ls × bs × hs, Es,νs, respectively. The distance between the film and the 
rigid plates in Fig. 1(c) is h and the length of the imperfection is b. 
Moreover, the local springs are assumed as the shear springs here 
because the shear direction is more prone to failure when the film 
contacts to the substrate [8,9,16,35,37]. The elastic constant of the 
spring is k and the area number density is ρ. 

To understand the interfacial stress transfer, the classical shear-lag 
analysis is introduced to perform the studies on the simplified 2D unit 
cell shown in Fig. 2(a). As shown in this figure, xA,xB and xC,xD are the 
boundary coordinates of the film and the elastic substrate in the contact 
region, respectively. Here, the contact region means the region that the 
film makes contact with the elastic substrate. This model is based on the 
differential formulation in mechanics and the stress state of an infini-
tesimal element is shown in Fig. 2(b). Here, although the axial stress of 
the substrate is not evenly distributed across its thickness, it is consid-
ered as a constant in the elastic substrate surface. Based on the stress 
state shown in Fig. 2(b), the equilibrium equations of the film and the 
elastic substrate surface can be established in the contact region and 
non-contact region, respectively. 

The elastic substrate surface: 
⎧
⎨

⎩

contactregion : hs
dσs

dx
= τxC ≤ x ≤ xD

non − contactregion : σs = C10 ≤ x < xC

, (1) 

The film: 
⎧
⎨

⎩

contactregion : hf
dσf

dx
+ τ = 0xA ≤ x ≤ xB

non − contactregion : σf = C20 ≤ x < xA

, (2)  

where τ=ρk(us − uf) and the subscripts f and s represent the film and the 
surface of the elastic substrate, respectively. uf and us are the displace-
ments of the film and the substrate surface in the contact area. According 
to the assumptions that the ligand-receptor bonds for silicone rubber/ 
cell system [35] or the van der Waals interactions for graphene/sub-
strate [8] will fail when the displacement differences of the cell and 
rubber or the graphene and substrate are greater than the critical values, 
the local springs in our models will break when the displacement dif-
ferences (us − uf) of the film and the elastic substrate in the contact 
region are greater than the critical failure displacement (δc) . 

2.2. Description of the B-type model 

For the bonded interface with prefabricated imperfections, as shown 
in Fig. 1(a), the analytic solution can be obtained when treating the film 
as a free-standing sheet with clamped edges [22,41,45]. With the 
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increase of the compressive strain ε0, the film will bifurcate from orig-
inal flat state to the wrinkling one. Then, the amplitude of the wrinkles 
increases with further compressive strain. Here, the load is applied to 
both the film and the substrate. Thus, the stress at the film boundary 
(point B in Fig. 2(a)) equals to the applied load and the analytical so-
lution of the film deformation can be obtained [22,41]. The critical 
wrinkling strain εc and the configuration of the wrinkle w can be 
expressed by Eq. (3) and Eq. (4). 

εc =
π2

12

(
hf

xA

)2

, (3)  

w =
hf
̅̅̅
3

√

(

1+ cos
(

x
xA

)) ̅̅̅̅̅̅̅̅̅̅̅̅̅
ε0

εc
− 1

√

, (4)  

2.3. Description of the S-type model 

The shear-lag model is adopted here to study the effect of interfacial 
sliding on the deformation of the system. Increasing the compressive 
strain, as shown in Fig. 3, the film deformation will proceed through two 
phases: first flat compressing (Fig. 3(b)) and then wrinkling one (Fig. 3 
(c)). 

Firstly, as shown in Fig. 3(b), the compressed process is analyzed. 
When the compressive strain ε0 is applied to the substrate, the film will 

be compressed due to the stretched springs. In this process, the Cauchy 
strain (εs = dus

dx ,εf = duf
dx ) is introduced to describe the deformation of the 

substrate surface and the film since only the in-plane deformation is 
considered here. Based on the small deformation assumption and the 
linear-elastic constitutive relation (σs=Esεs,σf=Efεf), the equilibrium 
equations of the elastic substrate surface (Eq. (1)) and the film (Eq. (2)) 
in the contact region can be rewritten as: 

substratesurface : hsEs
d2us

dx2 = ρk
(
us − uf

)
xC ≤ x ≤ xD. (5a)  

film : hfEf
d2uf

dx2 + ρk
(
us − uf

)
= 0xA ≤ x < xB. (5b) 

Eq. (5) can be simplified as a four-order ordinary differential equa-
tion by replacing uf with us. 

d4us

dx4 −
ρk

hsEs

(

1+
hsEs

hfEf

)
d2us

dx2 = 0xC ≤ x ≤ xD. (6) 

By substitutingβ for ρk
hsEs

(

1 + hsEs
hf Ef

)

, the general solution of this ho-

mogeneous ordinary differential equation can be obtained as. 

us = ac + bcx + cce
̅̅
β

√
x + dce−

̅̅
β

√
xxC ≤ x ≤ xD. (7a) 

Fig. 1. (a) illustrates the bonded interface with pre-existing imperfection called as B-type. (b) shows the sliding interface named as S-type. (c) indicates the con-
strained lateral space called as C-type. 

Fig. 2. Schematic of the 2D unit cell considering interfacial sliding. (a) shows the coordinates of the characteristic points. (b) is the stress state of an infinites-
imal element. 

Fig. 3. S-type model. (a) shows original state. (b) is the compressed state. (c) illustrates the wrinkling state.  

M. Liu et al.                                                                                                                                                                                                                                      



International Journal of Mechanical Sciences 217 (2022) 107022

4

uf = ac + bcx −
hsEs

hfEf

(
cce

̅̅
β

√
x + dce−

̅̅
β

√
x
)

xA ≤ x < xB. (7b) 

According to the stress continuity (σs|xC(0≤x<xC)
= σs|xC(xC≤x<xD)

,

σf |xA(0≤x<xA)
= σf |xA(xA≤x<xB)

) in joint point between the contact region 
and the non-contact one, the displacement fields (Eq. (7)) and the cor-
responding stress fields then can be obtained by the geometric equations 
and constitutive relations. Similarly, the strain and displacement con-
tinuities are given in Eq. (8). Here, because the load is only applied to the 
substrate, the stress at the film boundary (point B in Fig. 2(a)) equals to 
the zero. Finally, detailed expressions of the displacement fields and the 
corresponding stress fields are shown in the supplementary materials 
(Note S1). 

us|xC(0≤x<xC)
= us|xC(xC≤x<xD)

, uf
⃒
⃒

xA(0≤x<xA)
= uf

⃒
⃒

xA(xA≤x<xB)
. (8a)  

εs|x=xD
= ε0, εf

⃒
⃒

x=xB
= 0. (8b) 

Then, as shown in Fig. 3(c), the film will wrinkle when the 
compressive strain reaches to the critical value εc. The film is considered 
to be clamped at two sides (points A in Fig. 2). The wrinkling behaviors 
are studied based on the nonlinear buckling theory of the elastic plate. 
The governing equation of the wrinkled film is: 

D
hf
∇4w = σx

∂2w
∂x2 + σy

∂2w
∂y2 + 2τxy

∂2w
∂x∂y

. (9)  

where D is the flexural rigidity of the film. Due to same deformation 
along the y direction, Eq. (9) can be rewritten as a fourth-order ordinary 
differential equation. 

d4w
dx4 −

hf

D
σx

d2w
dx2 = 0. (10) 

Based on the clamped boundary conditions: w|x=±xA
= 0,w′

|x=±xA 
=

0, the critical wrinkling stress σc applied to the film at x = ±xA and the 
deflection after the film is wrinkled then can be obtained as: 

σc =
Efπ2

12

(
hf

xA

)2

. (11)  

w =
hf
̅̅̅
3

√

(

1+ cos
(

π
xA

x
))

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
σ|x=±xA

σc
− 1

√

. (12) 

The Green strain is used here to describe the large deformation of the 
film. And, the linear constitutive relation of the film can be represented 
as [27]: 

σ′

f = Ef
du′

f

dx
= Ef

(
duf

dx
+

1
2

(
∂w
∂x

)2
)

. (13) 

Here, u′

f is the displacement of the film induced by compression and 
bending. The equilibrium equations of the substrate surface (Eq. (1)) and 
the film (Eq. (2)) in the contact region can then be rewritten as: 

substratesurface : hsEs
d2us

dx2 = ρk
(

us − u′

f

)
xC ≤ x ≤ xD. (14a)  

film : hfEf
d2u′

f

dx2 + ρk
(

us − u′

f

)
= 0xA ≤ x < xB. (14b) 

The treatment of Eq. (14) is the same as that of Eq. (5). The 
displacement and stress fields of the substrate surface and the film can 
then be obtained according to the displacement compatibility 
(us|xC(0≤x<xC)

= us|xC(xC≤x<xD)
, u′

f
|xA(0≤x<xA)

= u′

f |xA(xA≤x<xB)
) and strain 

boundary conditions (εs|x=xD
= ε0, εf |x=xB

= 0). The detailed expression 
of displacement and stress fields are shown in the supplementary ma-
terials (Note S1). 

2.4. Description of the C-type film/substrate model 

As shown in Fig. 1(c) and described in Section 2.3, the amplitude of 
wrinkle increases with increasing the compressive strain until the 
wrinkle contacts with the rigid plates. The following deformation of the 
film consists of three processes, including the point contact with the 
rigid plates (Fig. 4(b)), line contact (Fig. 4(c) and Fig. 4(e)) and the mode 
transition (Fig. 4(d) and Fig. 4(f)). 

As shown in Fig. 4(a), the amplitude of wrinkle obtained from S-type 
model increase with the increasing of compressive strain. The point 
contact between the film and rigid plates occurs once the amplitude 
reaching h, as shown in Fig. 4(b). The frictionless contact assumption is 
adopted here to simplify the models. Moreover, effects of the complex 
contact conditions that film making contact with rigid plates can be 
referred to the reference [29]. Then, with the increase of the compres-
sive strain, the contact region increases, causing the mode shifting from 
point contact to line contact, as shown in Fig. 4(c). The flat state of line 
contact region (no curvature and thus no bending moment) gives the 
boundary conditions: 

w|x=l1/2 = h,w|x=xA
= w′

|x=xA
= w′

′

|x=xA
= w′

|x=l1/2 = w′
′

|x=l1/2 = 0, (15) 

Here, the line contact region is defined as the region that the film 
makes contact with the rigid plates. The deflection equation shown in 
Eq. (10) and the boundary condition in Eq. (15) require that the 
deflection of the film in the no-contact region (l1 /2 ≤ x ≤ xA) satisfy: 

w
h
=

− 2π(x − xA)/(xA − l1/2) + sin(2π(x − xA)/(xA − l1/2))
2π l1 / 2 ≤ x ≤ xA,

(16) 

The relationship between the geometric parameters of the contact 
region and the applied stress to the film at x = ±xA should satisfy the 
following expression by combining Eq. (16) and Eq. (10): 

σ|x=±xA
=

Efh2
f

12

(
2π

xA − l1/2

)2

, (17) 

Fig. 4. C-type model. (a) shows wrinkling state obtained from S-type model. 
(b) illustrates point contact with the rigid plates. (c) is line contact. (d) shows 
the mode transition. (e) defines the geometric parameters in the line contact 
state. (f) defines the geometric parameters in the mode transition. 
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Moreover, according to the treatment of the equations in Section 2.3, 
the displacement and stress fields of the substrate surface and the film 
can be obtained due to the displacement compatibility (us|xC(0≤x<xC)

=

us|xC(xC≤x<xD)
,u′

f
|xA(0≤x<xA)

= u′

f |xA(xA≤x<xB)
) and strain boundary conditions 

(εs|x=xD
= ε0, ε′

f |x=xB
= 0). The detailed expressions are given in the 

supplementary materials (Note S1). 
Moreover, as a special case of the line contact (l1 /2 = 0), the point 

contact state is different from the end of the wrinkling state when the 
amplitude of the wrinkle is h. Thus, the displacement and stress fields of 
the substrate and the film in the point contact process can be obtained by 
taking l1 /2 = 0 to the Eq. (5 s) and Eq. (6 s), which are detailed in the 
supplementary materials (Note S1). 

Finally, when the line contact region is long enough, the mode 
transition occurs and the wrinkle of the film will snap as shown in Fig. 4 
(d). Here, as shown in Fig. 4(c) and Fig. 4(e), the film in the line contact 
region ( − l1 /2 ≤ x ≤ l1 /2) can be considered as the plates with clam-
ped ends. Then, the critical wrinkling stress and the configuration of the 
wrinkle can be obtained according to the nonlinear buckling theory of 
the elastic plate. Therefore, as shown in Fig. 4(d) and Fig. 4(f), the 
transitioned model of the film consists of two parts, including the pri-
mary wrinkle ( − xA ≤ x ≤ − l1 /2, l1 /2 ≤ x ≤ xA) and the secondary 
wrinkle ( − l1 /2 ≤ x ≤ l1 /2). Due to the symmetry of geometry and 
loading, as shown in Fig. 4(f), the boundary conditions can be expressed 
as: 

w|x=l1/2 = h,w|x=xA
= w′

|x=xA
= w′

′

|x=xA
= w′

|x=l1/2 = w′
′

|x=l1/2 = 0, (18) 

Then, the deflection of the wrinkled film should satisfy: 

w = h −
hf
̅̅̅
3

√

[

1+ cos
(

πx
l1/2

)] ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
σ|x=l1/2

σ′

c
− 1

√

0 ≤ x ≤ l1 / 2, (19a)  

σ′

c =
Efh2

f

12

(
π

l1/2

)2

, (19b)  

w
h
=

− 2π(x − xA)/(xA − l1/2) + sin(2π(x − xA)/(xA − l1/2))
2π l1 / 2 ≤ x ≤ xA,

(19c)  

σ′′
c =

Efh2
f

12

(
2π

xA − l1/2

)2

, (19d) 

Here, σ′

c is the critical mode transition stress of the film at x = l1 /2 
and σ′′

c is the critical mode transition stress of the film at x = xA. 
Moreover, the displacement and stress fields can be obtained due to the 
displacement compatibility (us|xC(0≤x<xC)

= us|xC(xC≤x<xD)
, u′

f
|xA(0≤x<xA)

=

u′

f |xA(xA≤x<xB)
) and strain boundary conditions (εs|x=xD

= ε0,ε
′

f |x=xB 
= 0). 

The expressions are described in the supplementary materials (Note S1). 
In addition, the boundary change is also considered in this paper. As 

discussed in Section 2.1, the local springs will break when the 
displacement differences (us − uf) of the film and the elastic substrate 
surface in the contact region are greater than the critical failure 
displacement (δc). Thus, the boundary of the contact region will change 
with increasing the compressive load. The expression of the displace-
ment and stress fields are described in the supplementary materials 
(Note S3). 

3. The solution method of different models of film wrinkling 

For the B-type model, as discussed in Section 2.2, the analytical so-
lution can be obtained. Once the interfacial sliding is introduced, how-
ever, as shown in Sections 2.3 and 2.4, the displacement and stress fields 
of the S-type model are related to the boundary coordinates of the 
contact region. Due to the changing boundaries in the contact region, 
the analytical expression of displacement and stress fields can only be 

iterated by the numerical method. Especially, when the lateral con-
straints are introduced, the analytical expression of displacement and 
stress fields (C-type model) cannot be directly obtained. As discussed in 
the supplementary materials (Note S1), the numerical iteration can only 
be processed when appropriate parameters cl and cm are selected based 
on the actual situation. 

As defined in Figs. 1,2 and 4, the geometrical and material param-
eters of the film and the substrate are set as: Lf

hf
, bf
hf
,hf
hf

= 80,20,1, Ls
hf
, bs
hf
,hs
hf

=

80,20,100, xA
hf
,xB

hf
,xC

hf
,xD

hf
= 20,40,20,40, h

hf
= 2, δc

hf
= 1, Ef

Es
= 250and ρkhf

Es
=

12.5, where hf and Es are taken as the length and the strength units, 
respectively. The solving processes are outlined in the form of the flow 
diagram, as shown in Fig. 5. Considering the geometric parameters 
defined above, the film and elastic substrate surface are separated into 
4000 material points. Moreover, due to the symmetry, only half of model 
(2000 material points) is considered in the calculation and their initial 
coordinates are from 0 to 40 (0 ≤ x

hf
≤ 40). Therefore, the left (A, C) and 

right (B, D) boundaries of the contact region correspond to the 1000th 
and 2000th material points of the film and the elastic substrate surface, 
respectively. The initial coordinates of these material points are: xA

hf
= 20,

xB
hf

= 40, xC
hf

= 20, xD
hf

= 40. And, 1000 local springs that connect the film 
and the elastic substrate are set in the contact region. The solution of the 
wrinkling, point contact, line contact and mode transition processes are 
similar to that of the compressed process except for the criterion for 
entering the next process. Therefore, the solution diagrams for these four 
processes are illustrated detailly in the supplementary materials (Note 
S2). 

Fig. 5 shows the solving diagrams of the film in the compressed 
process. Six steps are included in the solving processes. 

(1) Firstly, for the compressed process, the initial geometric param-
eters of the film and the elastic substrate surface in the contact 
region, initial strain and the iteration parameters are set as: 
xA /hf = 30,xB /hf = 40,xC /hf = 30,xD /hf = 40, ε0 = 0, i1 = 0.  

(2) Considering a small increment of the strain Δε = 1 × 10− 5, the 
displacement and stress fields of the film and the elastic substrate 
surface in the compressing process can be obtained based on the 
expressions (Eqs. (8 and 9)).  

(3) Considering that interfacial sliding occurs on the right boundary 
firstly, the right boundaries (B, D) in the contact region will 
change. If the displacement differences of the right boundary (|xB 
− xD|) are greater than the critical failure displacement (δc), the 
corresponding springs will break and the right boundaries (the 
2000th material point) will be replaced by the new boundaries 
corresponding to the (2000-i1)th material point. As a result, the 
new coordinates of the right boundaries can be expressed as: 
xB= (40hs − 0.02hsi1) − uf(2000 − i1),
xD= (40hs − 0.02hsi1) − us(2000 − i1)

. Here, the expressions 

uf(2000 − i1)andus(2000 − i1) represent the displacement of the 
(2000- i1)th material point of the film and the substrate, 
respectively.  

(4) Because 1000 local springs are set between the film and the 
substrate surface, the interface interaction will fail when all these 
springs are broken, resulting in the end of the flow diagrams. 
Thus, the judging criterion is that whether the iteration param-
eter is less than 1000 (i1 ≤ 1000).  

(5) When the coordinates of the new boundaries are obtained, the 
parameters (a, b, c, and d) related to the displacement and stress 
fields can be obtained by taking the new boundary coordinates 
(xA,xB,xC,xD) and applied strain to their expressions.  

(6) Repeat Steps 3, 4 and 5 until the determination condition is 
satisfied. Here, the stress of the film at the left boundary of the 
contact regionx = xAreaches to the critical wrinkling value: 
σ|x=xA = σc. After that, the deformation of the film comes into the 
wrinkling process. 
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Moreover, as discussed in Section 2.4, the analytical expression of 
displacement and stress fields cannot be directly obtained for the C-type 
model. Especially, for the parameters cl and cm in the line contact and 
the mode transition process respectively, the numerical solutions are 
non-unique. Considering that the parameters cl and cm are continuous 
between the adjacent deformation states, they can be obtained by the 
continuity condition. Therefore, cl is equal to cp at σ|x=xA 

= σcp, which is 
the criterion for the deformation from point contact process to the line 
contact one. cm equals cl atσ|x=l1/2 = σ′

c, where the system deforms from 
the line contact process to the mode transition one. 

4. Results and discussions 

4.1. Deformation characteristics of the different models 

As discussed in Section 2, three different types of film wrinkling 
models can be included when the partial contact and the lateral 
constraint are considered. For the B-type system, the analytical solution 
can be obtained, while only the numerical solutions can be attained for 
the S-type and C-type systems. The numerical calculation method is 
illustrated detailly in Section 3. Fracture of the local springs is not 
included in this section and its effect is discussed in Section 4.2. The 
calculation parameters are the same as those in Section 3. 

The deformation process is characterized by three types of film 
wrinkling models, as shown in Fig. 6. The deformation of the B-type 
model includes two processes (Figs. 6(a and b)). Noted that the load is 
applied to both the film and the substrate, the applied strain is equal to 
the film strain at the left boundary of the contact region (ε0=εA) due to 
the perfectly bonded assumption. The film wrinkles from flat state once 

the applied strain reaches the critical value (ε0 = εc = π2

12

(
hf
xA

)2 

=

0.21%). After wrinkling, the stress of the left boundary (σA
Es

) in the 

contact region and the deflection of the wrinkle (|w||x=0
hf

) increase with 

increasing of the applied strain. However, when the interfacial sliding 
and the lateral constraint are introduced, the deformation of the system 
proceeds through 5 phases, including the compressed state (I), the 
wrinkling state (II), the point contact state (III), the line contact state 
(IV) and the mode transition one (V). When the film stress of the left 
boundary (σA) in the contact region reaches to the critical value 

(σA
Es
= σc

Es
= Ef π2

Es12

(
hf
xA

)2

= 0.52 in Fig. 6(a)), the film wrinkles (I-II) at 

applied strain 0.72%. In addition, the interfacial sliding will increase the 
critical strain applied to the elastic substrate compared to the B-type 
model. This attributes to the fact that stress distribution of the film and 
the elastic substrate surface in the contact region is no longer uniform 
and the strain of the left boundary (εA,εC) is not equal to the strain 
applied to the substrate (ε0) any more, which is different from the 
perfectly bonded interface case (Figs. 6(c and d)). After the film is 
wrinkled, its deflection will increase gradually to the distance between 
the film and the rigid plates h until point contact (II-III), where the 
corresponding applied strain is 3.53%. The line contact process starts 
once the stress of film in the left boundary (σA) reaches to the critical 

value (σA
Es
=

σcp
Es

= Efhf
2

Es12

(
2π
xA

)2
= 2.12 in Fig. 6(a)) (III-IV). Here, length of 

the line contact region is zero (l1 /2 = 0) and the corresponding applied 
strain is 3.66%. And the length of the line contact region increases 
gradually until the film stress at the boundary of the line contact region 

reaches to the critical value (σl1/2
Es

=
σ′

c
Es

= Ef hf
2

Es12

(
π

l1/2

)2
= 4.93) (IV-V), 

where the mode transition occurs and the secondary wrinkle appears in 
the film (ε0=7.94%). Finally, the computations are completed when the 
deflection of the second wrinkle is h (|w||x = 0=h) and the applied strain 
is 15.85%. Moreover, a demonstrative experiment is conducted to 
illustrate the evolution of the constrained film, where the 5 processes 
(Fig. 6(g)) can be clearly observed. The detailed descriptions of the 
experiment are illustrated in the supplementary materials (Note S4 and 

Fig. 5. shows the solving diagram of the compressed process.  
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Video 1). 
As shown in Fig. 6(a), the transition from wrinkling to the point 

contact state is noteworthy (II-III). Here, the winkle amplitude of the 
film reaches h in the wrinkling process is called as the end of the 
wrinkling process and the starting point of the line contact process with 
only one point of the film making contact with the rigid plates is named 
as the point contact state. As shown in Fig. 6(f), although amplitudes of 
the wrinkle at the end of the wrinkling process (ε0=3.53%) and the point 
contact state (ε0=3.66%) are equal, they are two completely different 
states during the film deformation. Thus, it is an interval from the end of 
the wrinkling process to the point contact state, which is called as point 
contact process. In the point contact process, the applied strain increases 
from 3.53% to 3.66%. Another important thing to be noticed is the 
process from the line contact state to the mode transition one (IV-V). It is 
known that the mode transition occurs when the line contact region is 
long enough ( − l1 /2 ≤ x ≤ l1 /2) and the film stress in the boundary of 
line contact region reaches the critical value. According to Eq. (19b), 
when σl1/2 equals to σ′

c, the wrinkle snaps and the secondary wrinkle 
appears, where the film stress in the left boundary of the contact region 

is given by Eq. (19d) (σA =
Ef h2

f
12

(
2π

xA − l1/2

)2
). Because the curvature of the 

film at x = l1 /2 is zero, the film stress at x = l1 /2 (σl1/2 =
Ef h2

f
12

(
π

l1/2

)2
) is 

equal to that at x=xA (σl1/2 = σA) based on the constitutive relation 
shown in Eq. (13). As a result, the length l1/2 is equal to xA

3 (l1 /2 = xA
3 ) 

when the mode transition occurs, which is verified in the numerical 
calculation as well. As shown in Fig. 6(b), when the wrinkle snaps, the 

length of the line contact region is 6.46 (l1/2
hf

= 6.46), where the coor-
dinate of left boundary of the contact region is 19.38 (xA

hf
= 19.38 in 

Fig. 6(a)). 
Moreover, as shown in Figs. 6(c and d) for B-type model, applying 

load to both the film and the substrate and the bonded interface results 
in the constant stresses of the film and the elastic substrate surface in the 
contact region. However, when the interfacial sliding is introduced (S- 
type and C-type) and the load is applied only to the substrate, the dis-
tribution of stress of both the film and elastic substrate surface are no 
longer uniform. Therefore, the critical wrinkling strain for the B-type 
system (εc=0.21%) is smaller than that of the S-type one (εc=0.72%) 
when the interfacial sliding is introduced. Moreover, effects of the 
interfacial sliding on the stress distribution will increase continually 
although deformation of the film goes into the wrinkling process. As 
shown in Fig. 6(a), the film stress in the left boundary of the contact 
region (σA) for the B-type model is larger than that for the S-type one 
after wrinkle appears. 

In addition, as shown in Eq. (5), the stress gradient (dσs
dx ,dσf

dx ) is pro-
portional to the displacement difference (us − uf). As a result, the vari-
ation of the stress can be derived by the displacement differences shown 
in Fig. 6(e). Here, the load state is defined as follows. When us − uf is less 
than − 10− 4, between − 10− 4 and 10− 4 or larger than 10− 4, the corre-
sponding spring exerts stretch load, keeps natural state or applies 
compressive load to the film. Thus, in the compressed process, some 
springs exert compressive load to the film and the others keeps natural 
state. When wrinkles appear, some springs that close to the wrinkle will 
transfer stretch load to the film. As the deformation of the system con-
tinues, more and more springs exert stretch load to the film. This 

Fig. 6. Characterization of the deformation processes for three types of film wrinkling models. (a) the dimensionless coordinate (xA
hf

) as a function of the stress (σA
Es

) at 
the left boundary (A in Fig. 2) of the contact region. (b) the dimensionless deflection of the wrinkle (|w||x=0

hf
), boundary of the line contact region (l1/2

hf
) versus the 

applied compressive strain (ε0). (c) the stress of the elastic substrate surface. (d) film stress. (e) the displacement differences (us − uf
hf

) of the local springs at the critical 
strains for different deformation processes. (f) the configurations of the film and the elastic substrate surface at the critical strains. (g) Profiles of the film in the 
demonstrative experiment. 
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phenomenon is beyond our expectation because the wrinkle will be 
suppressed by the springs exerting stretch load. In fact, the appearance 
of springs exerting stretch load attributes the wrinkle. According to the 
expression of the Green strain in Eq. (15), the film strain includes two 
parts, which are the compression strain and the strain induced by the 
out-of-plane displacement (w). While, the elastic substrate strain only 
includes the compression one. As a result, displacement of the film (uf) 
close to the wrinkle is larger than that of the substrate (us). Moreover, as 
shown in Figs. 6(d), although some springs exerts stretch load to the 
film, the stress in the left boundary of the contact region (σA) is still 
larger than zero, corresponding to the compressive load. Therefore, the 
phenomenon beyond our expectation is reasonable. 

The configurations of the film and the elastic substrate surface under 
different applied strains are shown in Fig. 6(f). In the compressed pro-
cess, the film and the elastic substrate surface remain flat. Under the 
wrinkling process, the film is wrinkled and the amplitude gradually 
increases to |w||x = 0=h. Here, it can be found that profiles of the film at 
the end of the wrinkling process and the point contact state are different, 
although they have the same maximum deflection (|w||x=0

hf 
= 2). When the 

line contact region length is long enough, the wrinkle will snap and the 
secondary wrinkle appears in the mode transition process. Here, due to 
the large thickness ratio of the substrate to the film (hs

hf 
= 100), the elastic 

substrate keeps flat during the whole deformation process. Moreover, as 
shown in the small box of Fig. 6(f), the displacement differences (us − uf) 
in the right boundary of the contact region increase with the deforma-
tion processing. In addition, the film profile changes are also verified by 
the demonstrative experiment in Fig. 6(g). 

4.2. Effect of the interfacial parameters on the deformation of the 
different film wrinkling models 

4.2.1. Effect of the interfacial strength 
As discussed in Section 2.1, the interfacial strength can be repre-

sented by the critical failure displacement (δc) of the springs. When the 
interfacial stress exceeds the interfacial strength, the corresponding 
displacement differences (us − uf) will be larger than the critical value δc, 
resulting in the interface fracture. Based on the results obtained in Fig. 6 
(e), the maximum displacement differences in critical states can be ob-
tained. From state I to state II, II to III, III to IV, IV to V and V to the end of 
the calculation, the maximum displacement differences (us − uf

hf
) are 0.017, 

0.084, 0.087, 0.190 and 0.379, respectively. The phase diagram of 
critical conditions for different film deformation states in terms of the 
maximum displacement difference and the applied compressive strain is 
shown in Fig. 7. The diagram characterizes the film deformation during 
the compressive strain increases, including the compressed process, 
wrinkling process, point contact process, line contact process, model 
transition process and interface fracture process. 

According to the results obtained in Fig. 6(e), the maximum 
displacement difference appears in the right side of the contact region 
(uD − uB

hf
), which is also the critical failure displacement (δc

hf
) of the springs 

at the interface. When the maximum displacement difference is below 
0.017, the film deformation only experiences the compressed process. 
Here, all the springs will be broken successively when the applied strains 
reach to the critical values, resulting in the interface fracture. However, 
when the maximum displacement difference ranges from 0.017 to 

Fig. 6. (continued). 
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0.084, 0.084 to 0.087, 0.087 to 0.190 or 0.190 to 0.379, the film 
deformation is more complex but similar. Taking the film deformation 
with the maximum displacement difference being between 0.087 and 
0.190 an example, the film comes into the wrinkling, point contact and 
line contact states when the applied compressive strains are over 0.72%, 
3.53% and 3.66%, respectively (dotted line in Fig. 7). Once the applied 
compressive strain reaching to the critical value (intersection of the 
dotted line and the green line), the interface fracture occurs. Here, the 
film deformation degenerates from the line contact state to the point 
contact sate to the wrinkling state to the compressed one and finally 
returns to the initial state. Moreover, when the maximum displacement 
difference is greater than 0.379, the film will experience all the defor-
mation states until the second wrinkle makes contact with the elastic 
substrate and the interface fracture will not occur. 

4.2.2. Effect of the interfacial stiffness 
The interfacial stiffness is the production of the spring density and 

stiffness (ρk), which is discussed in Section 2.1. Based on the results 
shown in Fig. 6(a) and Fig. 7, it can be inferred that there is a critical 
interfacial stiffness in any deformation process defined in Section 4.1. 
When the interfacial stiffness is less than the critical value, the interface 
fracture will arise in this process. Otherwise, the film will enter the next 
deformation process. Moreover, the critical interfacial stiffness cannot 
be directly obtained and it can only be calculated by setting different 
values in the calculation. Here, the critical interfacial stiffness in the 
wrinkling process is discussed. 

Fig. 8 shows the relationship between the interfacial stiffness and the 
critical wrinkling strain. For the B-type model, where the strain is 
applied to both of the film and the elastic substrate, the critical wrinkling 

strain is a constant (εc = 0.21%) with the increase of the interfacial 
stiffness. For the film with bonded interface and the compressive strain 
is only applied to the elastic substrate, the critical wrinkling strain is 
larger (εc = 0.72%) and remains unchanged. As a result, applying load 
only to substrate raises the threshold of the film wrinkling. The square 
scatters are the results when the interfacial sliding is introduced and the 
compressive strain is only applied to the elastic substrate. With the 
decreasing of the interfacial stiffness, the critical wrinkling strain in-
creases rapidly when the interfacial stiffness is less than 1 (ρkhf

Es
= 1). 

Based on the calculation, all springs are broken before the wrinkle ap-
pears when the interfacial stiffness is set below 0.25 (unfilled square in 
Fig. 8), while the wrinkle will appear when the stiffness value is set as 
0.29 (the first filled square in Fig. 8). Thus, the critical interfacial stiff-
ness for entering in the wrinkling process can be inferred between 0.25 
and 0.29 (0.25 <

ρkhf
Es

≤ 0.29). 

4.3. Effect of the length of the contact region 

The effect of the initial contact region length on the deformation of 
the film is discussed in this section. According to the expressions of Eqs. 
(11),(12), (9s), (19b). and (19d), the critical film stresses in the left 

boundary of the contact region are σA = Ef π2

12

(
hf
xA

)2 

for wrinkling, 

σA =

(( ̅̅
3

√
h

2hf

)2

+1

)

Ef π2

12

(
hf
xA

)2 

for point contact, σA = Ef π2

3

(
hf
xA

)2 

for line 

contact and σA = 3Ef π2

4

(
hf
xA

)2 

for the mode transition, respectively. It can 

be found that the critical film stress (σA) in these deformation processes 
defined has the similar relationship with the initial contact region length 
(xA). Thus, the initial contact region length has the similar effect on any 
deformation process and its effect on the critical wrinkling strain is 
discussed as an example. 

The effect of the initial contact region length (xB − xA
hs

) on the critical 
wrinkling strain (εc) is illustrated in Fig. 9. For the relatively small 
contact region (I and0 < xB − xA

hs
≤ 0.16), as shown in Fig. 9(a), the critical 

wrinkling strain decreases with the increasing the initial contact region. 
The reason for the decreasing critical wrinkling strain (εc) is that more 
springs participate the load transfer when the initial contact region in-
creases. For state II (0.16 < xB − xA

hs
≤ 24), the critical wrinkling strain 

shows slow increase because the critical wrinkling stress of the left 
boundary (σc

Es
) increases slowly. In state III (24 < xB − xA

hs
≤ 36.8), although 

more springs are set in the interface for increased initial contact region 
length, the critical wrinkling stress of the left boundary (σA) increases 
more quickly due to the inverse relationship with the square of the initial 
contact region length (xA) shown above. As a result, the critical wrin-
kling strain (εc) increases rapidly in this stage. After the contact region is 
long enough (IV and36.8 < xB − xA

hs
< 40), wrinkle will not appear in the 

Fig. 7. Phase diagram of the effects of interfacial strength on the film deformation and different film deformation processes.  

Fig. 8. Effect of the interfacial stiffness (ρkhf
Es

) on the critical wrinkling 
strain (εc). 
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film because the maximum displacement in the contact region (xB − xD
hs

) 
reaches the critical valueδcand all springs will be broken successively. 

The results can be discussed further for different interfacial strength. 
The maximum displacement differences in Fig. 9(b) are the values where 
the wrinkle just appears. As shown in Fig. 9(b), the minimum value of 
the maximum displacement difference is 0.0058, which is the minimum 
interfacial strength of wrinkle. Less than the minimum interfacial 
strength, the interface fracture occurs and the wrinkle will never appear 
in the film. For the interfacial strength ranging from 0.058 to 0.52, the 
wrinkle will appear in the film when the values are above the red line in 
Fig. 9(b), which corresponds to the slash area. While, when the values 
are below the red line, wrinkle will not appear (horizontal line area). 
This is due to the fact that there are not enough springs for the small 
contact region length or the critical wrinkling stress of the left boundary 
is too great for the larger contact region length. Moreover, for the large 
interfacial strength (0.52 < δc

hs
), the wrinkle will not appear only for the 

large contact region length (horizontal line area). 

5. Model application 

The developed model in previous sections is used to study the 
deformation of the graphene contacting to the polyethylene tere-
phthalate (PET) substrate. For characterizing the deformation of the 
graphene, the parameters used in the calculations are picked out from 
the references and are listed in Table 1. Here, only the compressed and 
wrinkling processes are discussed because the interaction between the 
graphene and the rigid plates are more complex than the assumptions in 
our model. 

The deformation characteristics of the graphene are illustrated in 
Fig. 10. As shown in Fig. 10(a), the change of the critical wrinkling strain 
with different contact region lengths is the same as that shown in Fig. 9 

(a). For the small contact region (1nm≤ xB − xA < 3um), the critical 
wrinkling strain decreases with the increasing of contact region because 
more springs are set to participate the load transfer. However, the crit-
ical wrinkling strain increases sharply when the contact region length 
reaches a certain value although enough springs are set in the interface. 

This attributes to the inverse relationship (σA = Ef π2

12

(
hf
xA

)2

) between the 

second power of the initial non-contact region length (xA) and the crit-
ical wrinkling stress of the film (σA). However, the phenomenon that the 
critical wrinkling strain decreases with increasing the contact region for 
small contact region is not be observed in Jiang’s experiment [24] 
because this theoretical phenomenon appears when the applied strain is 
on the order of 10− 9. In our calculation, the critical wrinkling strain is 
0.25% and the maximum displacement difference is 4.3 nm when the 
non-contact region length is 7 nm. Our calculated results of the mini-
mum non-contact region length for wrinkling are close to those from the 
references. For the graphene contacting with PET, the initial buckling 
length is 4.2 nm and the critical buckling strain is 0.26% based on Cui’s 
calculation [8] and the initial buckling length is 2 nm by setting the 
critical wrinkling strain as 0.7% estimated by Jiang [24]. It can be found 
that these two results are close but less than our calculation values, 
which may due to the assumption in our models that the interfacial 
interaction is zero when the corresponding springs are broken while the 
interfacial interaction is considered as a constant when spring broken 
occurs in these two references. 

The strain distribution of the graphene is shown in Fig. 10(b), where 
the non-contact region length is 7 nm. The strain distribution is char-
acterized by the shear-lag effect and is the same as that of the experi-
mental data [24] when the applied strain is 0.2%. Although the 
experimental data is obtained from stretching the graphene, they are 
comparable and the same as those obtained by compressing the gra-
phene in the compressed process of our model. The spring broken occurs 
when the applied strain is 0.25% shown in Fig. 10a, which is close to the 
simulated or experimental values 0.3% [8,24]. 

For the graphene with 7 nm long non-contact region, the change of 
the critical wrinkling strain with the length of the graphene is shown in 
Fig. 10(c). The critical wrinkling strain shows the significant size effect 
when the length is less than 13μm, while the size effect length of the 
graphene is 8μm in Cui’s calculation [8]. The reason has been explained 
in Fig. 10(a) that the constant interfacial interaction assumption in their 
calculation, which results in the smaller initial buckling length (4.2 nm). 
However, the reason for size effect is not illustrated in their work. In fact, 
the size effect is due to the shear-lag effect of the deformed graphene and 
the PET. For the graphene contacting to PET with a given non-contact 
region, the critical wrinkling strain of the graphene then can be deter-

mined by the expression (εc = π2

12

(
hf
xA

)2

). In addition, based on the results 

Fig. 9. Effect of the initial contact region length (xB − xA
hs

). (a) shows the change of the critical wrinkling strain (εc) with the initial contact region length. (b) is a phase 
diagram illustrating the conditions for appearing wrinkle or interface fracture. Also, it shows the relationship between the initial contact region length and the 
maximum displacement difference (xB − xD

hs
), the critical wrinkling stress (σc

Es
) of the left boundary of the contact region (A in Fig. 2). 

Table 1 
Main parameters of the graphene, PET and interface in the present study.  

Parameter Definition Value Source 

Ef Young’s modulus of graphene 1TPa [28] 
νf Poisson’s ratio of graphene 0.16 [8] 
Lf × bf × hf Geometric dimensions of 

graphene 
40, 10, 3.5 ×
10− 4(μm) 

[8] 

ρk Stiffness of the interface ρk = 100TPa/m [24] 
Es Young’s modulus of the PET 4GPa PET 
νs Poisson’s ratio of the PET 0.4 PET 
δc Critical failure displacement 5.5nm [24] 
Ls × bs × hs Geometric dimensions of the 

PET 
40, 10, 0.5(μm) PET 

xA,xB Initial values defined in Fig. 2 10μm, 20μm  
xC,xD Initial values defined in Fig. 2 10μm, 20μm  
h Parameter defined in Fig. 4 1μm   
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shown in Fig. 6(e), the shear stress decreases from the edges and are 
close to zero at the center. For a longer graphene (greater than 13μm), 
only the springs near the edge participate the load transfer and springs 
close to the center keep the natural state. However, for a short graphene, 
all the springs will participate the load transfer and the applied critical 
wrinkle strain increases with decreasing the graphene length. 

For different initial contact region, the maximum deflection of the 
graphene when the spring broken occurs is calculated in Fig. 10(d). For 
the larger contact region (19.993um≤ xB − xA), the spring broken occurs 
without wrinkling in the compressed process and the reason is illus-
trated in Fig. 10(a) above. For the contact region (3um≤ xB − xA <

19.993um), the maximum deflection of the graphene increases with the 
decreasing of contact region length, which is due to the decreasing 
critical wrinkling strain shown in Fig. 10(a). However, the maximum 
deflection of the graphene shows decreasing trend when the contact 
region length decreases from 3um to 1 nm because the corresponding 
critical wrinkling strain increases, which is also illustrated in Fig. 10(a). 
Moreover, the maximum deflection of the graphene is 0.88um when 
contact region length is 3um. 

6. Conclusions 

In summary, this paper performed theoretical analysis, numerical 
simulations and experimental measurement to address the wrinkling 
behaviors of the film with partial contact and lateral constraints being 
included especially. Due to the introduction of the lateral constraints, 
the film undergoes 5 processes, including the compressed state, the 
wrinkling state, the point contact state, the line contact state and the 
mode transition one. When the interface failure is considered, interface 
strength, interface stiffness and the length of the contact region 
contribute to the film deformation. Increasing the interfacial strength 
and stiffness will accelerate the film wrinkling and increase the interface 
failure threshold. For the initial contact region length, the film wrinkling 

attributes to the competition of the spring number and the increasing 
rate of the film critical wrinkling stress. The spring number plays the 
major role for the small contact region length, otherwise it is the 
increasing rate of the wrinkling stress. For the graphene contacting with 
the PET, the critical wrinkling strain of the graphene shows significant 
size effect when the length is less than 13μm. This attributes the shear- 
lag effect because only the springs near the edge participate the load 
transfer for the graphene with length greater than 13μm, while all the 
springs will participate the load transfer when the length is less than 
13μm. 
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Fig. 10. Characteristics of the graphene deformation. (a) shows the change of the critical wrinkling strain (εc) and the maximum displacement difference in the 
contact region (xB − xD) with the initial contact region length. (b) shows the strain distribution of the graphene and the comparison with the experimental data from 
[24]. (c) illustrates the relationship between the critical wrinkling strain and the length of the graphene with 7 nm of the initial non-contact region (xA = 3.5nm). (d) 
expresses the maximum deflection of the graphene from different initial contact region when springs broken occurs in the interface. 
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[1] Bernal R, Tassius C, Melo F, Géminard JC. Mechanical characterization of elastic 
thin-films: cell mechanics applications. Appl Phys Lett 2015;90:063903. 

[2] Bowden N, Brittain S, Evans AG, Hutchinson JW, Whitesides GM. Spontaneous 
formation of ordered structures in thin films of metals supported on an elastomeric 
polymer. Nature 1998;393:146–9. 

[3] Cai S, Breid D, Crosby AJ, Suo Z, Hutchinson JW. Periodic patterns and energy 
states of buckled films on compliant substrates. J Mech Phys Solids 2011;59: 
1094–114. 

[4] Chai H. The post-buckling response of a bi-laterally constrained column. J Mech 
Phys Solids 1998;46:1155–9. 

[5] Chan EP, Crosby AJ. Fabricating microlens arrays by surface wrinkling. Adv Mater 
2010;18:3238–42. 

[6] Chen P, Chen S, Peng J. Interface behavior of a thin-film bonded to a graded layer 
coated elastic half-plane. Int J Mech Sci 2016;115:489–500. 

[7] Chen MW, Dutta I. Atomic force microscopy study of plastic deformation and 
interfacial sliding in Al thin film: Si substrate systems due to thermal cycling. Appl 
Phys Lett 2000;77:4298–300. 

[8] Cui Z, Guo JG. Theoretical investigations of the interfacial sliding and buckling of 
graphene on a flexible substrate. AIP Adv 2016;6:125110. 

[9] Gao X, Li C, Song Y, Chou TW. A continuum mechanics model of multi-buckling in 
graphene-substrate systems with randomly distributed debonding. Int J Solids 
Struct 2016;97:510–9. 

[10] Dai L, Gong J, Gu X. Failure analysis on interfacial slipping in a film/substrate 
structure. Mech Eng Technol 2013. 02113-117. 

[11] Dai L, Feng X, Liu B, Fang D. Interfacial slippage of inorganic electronic materials 
on plastic substrates. Appl Phys Lett 2010;97. 221903-221903-3. 

[12] Feng X, Yang BD, Liu Y, Wang Y, Dagdevrien C, Liu Z, Carlson A, Li J, Huang Y, 
Rogers JA. Stretchable ferroelectric nanoribbons with wavy configurations on 
elastomeric substrates. ACS Nano 2011;5:3326–32. 

[13] Giannaakopoulos AE, Nilsson KF, Tsamasphyros G. The contact problem at 
delamination. J Appl Mech 1995;62:989–96. 

[14] Haftbaradaran H, Soni SK, Sheldon BW, Xiao X, Gao H. Modified stoney equation 
for patterned thin film electrodes on substrates in the presence of interfacial 
sliding. J Appl Mech 2012;79:031018. 

[15] Harris AK, Wild P, Stopak D. Silicone rubber substrata: a new wrinkle in the study 
of cell locomotion. Science 1980;208:177–9. 

[16] He S, Su Y, Ji B, Gao H. Some basic questions on mechanosensing in cell-substrate 
interaction. J Mech Phys Solids 2014;70:116–35. 

[17] Heide-Jorgensen S, Budzik MK. Effects of bondline discontinuity during growth of 
interface cracks including stability and kinetic considerations. J Mech Phys Solids 
2018;117:1–21. 

[18] Holland MA, Li B, Feng XQ, Kuhl E. Instabilities of soft films on compliant 
substrates. J Mech Phys Solids 2017;98:350–65. 

[19] Huang R, Suo Z. Instability of a compressed elastic film on a viscous layer. Int J 
Solids Struct 2002;39:1791–802. 

[20] Huang X, Li B, Hong W, Cao YP, Feng XQ. Effects of tension-compression 
asymmetry on the surface wrinkling of film-substrate systems. J Mech Phys Solids 
2016;94:88–104. 

[21] Huang Y, Chen H, Wu J, Feng X. Controllable wrinkle configurations by soft micro- 
patterns to enhance the stretchability of Si ribbons. Soft Matter 2014;10:2559–66. 

[22] Hutchinson JW, Suo Z. Mixed-mode cracking in layered materials. Adv Appl Mech 
1992;29:63–191. 

[23] Ji B, Bao G. Cell and molecular biomechanics: perspectives and challenges. Acta 
Mech Solida Sin 2011;24:27–51. 

[24] Jiang T, Huang R, Zhu Y. Interfacial sliding and buckling of monolayer graphene 
on a stretchable substrate. Adv Funct Mater 2014;24:396–402. 

[25] Jin C, Khare K, Vajpayee S, Yang S, Jagota A, Hui CY. Adhesive contact between a 
rippled elastic surface and a rigid spherical indenter: from partial to full contact. 
Soft Matter 2011;7:10728–36. 

[26] Khang DY, Jiang HQ, Huang Y, Rogers JA. A stretchable form of single-crystal 
silicon for high-performance electronics on rubber substrates. Science 2006;311: 
208–12. 

[27] Landau LD, Lifshitz EM. Theory of elasticity. Course of theoretical physics. 1986. 
p. 3. 

[28] Lee C, Wei X, Kysar JW, Hone J. Measurement of the elastic properties and intrinsic 
strength of monolayer graphene. Science 2008:321. 

[29] Liu M, Wang C, Li X. Rigid-flexible contact analysis of an inflated membrane 
balloon with various contact conditions. Int J Solids Struct 2018. 
S0020768318301896. 

[30] Liu Y, Guo K, Wang C, Han J, Gao H. Wrinkling and ratcheting of a thin film on 
cyclically deforming plastic substrate: mechanical instability of the solid- 
electrolyte interphase in li-ion batteries. J Mech Phys Solids 2018. 
S0022509618303028-. 

[31] Manners W. Methods for analysing partial contact between surfaces. Int J Mech Sci 
2003;45:1181–99. 

[32] Mcgarry JP, Murphy BP, Mchugh PE. Computational mechanics modelling of cell- 
substrate contact during cyclic substrate deformation. J Mech Phys Solids 2005;53: 
2597–637. 

[33] Pan K, Ni Y, He L, Huang R. Nonlinear analysis of compressed elastic thin films on 
elastic substrates: from wrinkling to buckle-delamination. Int J Solids Struct 2014; 
51:3715–26. 

[34] Park S, Ahn J, Feng X. Theoretical and experimental studies of bengding of 
inorganic electronic materials on plastic substrates. Adv Funct Mater 2008;18: 
2673–84. 

[35] Qian J, Wang J, Gao H. Lifetime and strength of adhesive molecular bond clusters 
between elastic media. Langmuir 2008;24:1262–70. 

[36] Rogers JA, Someya T, Huang YG. Materials and Mechanics for Stretchable 
Electronics. Science 2010;327:1603–7. 

[37] Ruffini A, Durinck J, Colin J, Coupeau C, Grilhé J. Gliding at interface during thin 
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