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ARTICLE INFO ABSTRACT

Keywords:
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This paper establishes three analytical models, including the interface bonded type (B-type), interface sliding
type (S-type) and the lateral constrained type (C-type), to reveal the effects of the partial contact and lateral
constraints on the film wrinkling behaviors. Due to the geometrical and contact nonlinearities, a numerical
method is applied to solving the displacement and stress fields, and the shear-lag effect caused by contact is
included. The deformation of the film can be characterized by 5 processes, firstly compressing (I), secondly
wrinkling (II), then the growing of wrinkled part giving rise to point contact (III), line contact (IV), and finally
mode transition(V), which are verified by a demonstrative experiment. Moreover, effects of the contact pa-
rameters, including the interfacial strength, interfacial stiffness and the initial contact region length, on the
deformation of the film are analyzed. Finally, the established models are applied to characterize the wrinkling
behaviors of a graphene contacting to the polyethylene terephthalate (PET). The minimum pre-existing defect
size for graphene wrinkling is 7 nm, less than which the interface failure precedes the film wrinkling. The critical
wrinkling strain shows significant size effect when the graphene length is less than 13um, where all the interfaces
participate the load transfer. The obtained results are consistent with the experimental and the numerical data

Lateral constraints
Geometrical and contact nonlinearities

given in the references, where the differences are also discussed detailly.

1. Introduction

When subjected to the uniform compression, a film bonded on the
substrate can be wrinkled and present different instability morphologies
[2,3,15,19,20,33,42,43,47]. Such a film/substrate system has been
extensively studied due to its potential application in many interesting
fields, including  the stretchable electronics [26], the
micro/nano-fabrications [38] and the mechanical properties measure-
ments of films [36]. However, the assumption of the continuous bonding
between the film and the substrate is not always suitable for most of the
film/substrate system. Especially, in the practical applications, the
interface defects [41], the local delamination [17] and the partially
discrete bonding [9] are more common. Taking the stretchable elec-
tronics for example, the Si/Ferroelectric nanoribbons are integrated on
the discontinuous elastomeric substrates, where the discrete interface
bonding results in the “wavy” configurations of the soft supports to
achieve reversible, linear elastic responses to large strain deformations
[12,21]. Because the interface of the film and the substrate with
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discontinuous bonding is similar to the partial contact usually meaning
that two objects are not in full contact in the references [25,31,40], the
film partially making contact with the substrate is called as the partial
contact condition. How to evaluate the effect of the partial contact on
the film wrinkling is important.

For the film with the partial contact interface, one of the very com-
mon phenomena is the interfacial sliding [7,14,24]. It is always
considered as the disastrous consequences for the film/substrate system
because the structures will automatically fail once the interfacial sliding
appears [10,11,34]. For the stretchable and flexible electronics formed
by the inorganic films and the plastic substrate, interfacial slippage is
very dangerous because it often occurs before material rupture when
subjected to repeated bending or stretching in application [11]. On the
other hand, the interfacial sliding can be fully utilized by characterizing
the wrinkles formed by the film [39,23]. For example, in the silicone
rubber/cell system, the traction force between cells and the silicone film
can be visualized by film wrinkling when tissue cells move forward and
the intrinsic properties of such film can also be estimated by cells’
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locomotion [1,32]. However, due to the introduction of the interfacial
sliding, variety of problems are involved, including the predictions of
the critical wrinkling stress/strain, the stress/strain transfer mechanism
at the interface, and the evolution of the sliding and wrinkling [6,44,46].
Thus, it is crucial to comprehensively evaluate the effect of the inter-
facial sliding on the film wrinkling when contacting with the substrate.

Mostly, the surrounding of the film is not a free space but a con-
strained one in practical application (Zhang et al., 2018; [4,13]). Thus,
the lateral constraints for the film deformation in most cases are very
common and the wrinkle formed by the film can make contact with the
surrounding environment or the substrate. For the Si nanoribbons/
micro-patterned substrate system used as the stretchable electronic, the
downward buckles will appear by tuning the micro-patterns and then
make contact with the substrate (Zhang et al., 2018). Moreover, the
lateral constrained film wrinkling is an important issue in the applica-
tion of the Lithium-ion batteries (LIBs). After encapsulation, wrinkles
formed by the solid-electrolyte interphase (SEI) layer will be constrained
by the surrounding environment [29,30]. Thus, when the lateral con-
strained space is introduced, some new question may arise. For example,
what will happen to the configuration of wrinkles and what will happen
to the mechanism of interface load transfer? Therefore, it is essential to
include the effect of the lateral constraints in the film wrinkling.

Although the critical wrinkling strain of the film/substrate system is
predicted in Hutchinson and Suo’s work [22], the film is perfectly
bonded to substrate there and the interfacial sliding is not considered.
The interfacial sliding is often considered in some practical cases [7,11,
14,24,39,23], where the continuous interface bonding is always
assumed. In addition, the effects of the lateral constraints are generally
discussed for the column, plates, beams and balloon (Zhang et al., 2018;
[5,29]), very little research has focused on the film wrinkling, especially
when the partial contact is involved. However, in practical applications,
the film wrinkling, the partial contact, the interfacial sliding and the
lateral constraint always exist simultaneously ([1,5,23]; Zhang et al.,
2018). They interact on each other, making the problem so complicated.
More importantly, two nonlinear behaviors of the structural mechanics
are involved in this problem, including the geometry and the contact
nonlinearities. When wrinkles appear, the geometry nonlinearity should
be considered to describe the large deformation behavior of the film [18,
22]. After the interfacial sliding is introduced, boundaries of the contact
region will change and then the contact nonlinearity is included [11,23,
39]. Moreover, due to the lateral constrained space, wrinkles will make
contact with the surrounding environment or the substrate and the
configuration of wrinkles will change greatly with the increase of the
contact region, where the contact nonlinearity is also included [4].

Based on investigations of the existing literature and the consider-
ations mentioned above, assumptions of the typical film/substrate sys-
tem need to be further released in the practical application, including
the continuously desired bonding, the perfect bonding interface and the
free space in surroundings. In this paper, the partial contact interface,
the interfacial sliding and the lateral constraint are all involved to study
the wrinkling behaviors of the film. This paper is organized as follows. In
Section 2, three analytical models, including the B-type, S-type and C-
type ones, are established, where the assumptions of the continuously
desired bonding, the perfect bonding interface and the free space in
surroundings are released one by one. Deformations of the film and the
change of the interface are then characterized analytically by a set of
governing equations. In Section 3, due to the double nonlinearity, the
solving ideas are designed and the numerical solutions are performed.
Section 4 is devoted to illustrate the effect of the interfacial strength, the
interfacial stiffness and the initial contact region length on the wrinkling
of the film. Then, wrinkling behaviors of the graphene contacting with
the polyethylene terephthalate (PET) are characterized using our
analytical models and compare with the results in the references.
Finally, the paper ends up with some remarkable conclusions.
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2. Model formulation
2.1. Description of the model

In the current work, we investigate the wrinkling behaviors of an
isotropic film in contact with an elastic substrate, where the partial
contact and the lateral constraint are considered. This work, as shown in
Fig. 1(a), starts with the bonded interface called as the B-type, where the
imperfection is introduced in the middle.

By replacing the perfect bonding at the interface with interfacial
sliding, as shown in Fig. 1(b), the shear-lag effect is analyzed. And
considering that the interfacial interactions may be the ligand-receptor
bonds for silicone rubber/cell system [16,35] or the van der Waals in-
teractions for graphene/substrate [8,9] and Cu/X (X = W, Nb or Zr)
[37], the local springs are introduced to simplify the friction and
adhesion interactions between film and substrate. For simplicity, this
case is named as the S-type. Further, as shown in Fig. 1(c), the
assumption of the free lateral space is released and the rigid plates are
set as the constraints, which is called the C-type. The geometric and
elastic parameters of the film and the elastic substrate are Iy x by x hgEg,vr
and s x bs x hs, Es,Vs, respectively. The distance between the film and the
rigid plates in Fig. 1(c) is h and the length of the imperfection is b.
Moreover, the local springs are assumed as the shear springs here
because the shear direction is more prone to failure when the film
contacts to the substrate [8,9,16,35,37]. The elastic constant of the
spring is k and the area number density is p.

To understand the interfacial stress transfer, the classical shear-lag
analysis is introduced to perform the studies on the simplified 2D unit
cell shown in Fig. 2(a). As shown in this figure, x4,xg and xc,xp are the
boundary coordinates of the film and the elastic substrate in the contact
region, respectively. Here, the contact region means the region that the
film makes contact with the elastic substrate. This model is based on the
differential formulation in mechanics and the stress state of an infini-
tesimal element is shown in Fig. 2(b). Here, although the axial stress of
the substrate is not evenly distributed across its thickness, it is consid-
ered as a constant in the elastic substrate surface. Based on the stress
state shown in Fig. 2(b), the equilibrium equations of the film and the
elastic substrate surface can be established in the contact region and
non-contact region, respectively.

The elastic substrate surface:

Oy

d.
contactregion : Ay =1txc < x < x
g " cS X< xp 7 )

non — contactregion : 6, = C;0 < x < x¢

The film:

. do,
contactregion : hfd—'[ +7=0xy <x<xp
x

. (2)

non — contactregion : 6y = C,0 < x < xu

where t=pk(us — uf) and the subscripts f and s represent the film and the
surface of the elastic substrate, respectively. ur and ug are the displace-
ments of the film and the substrate surface in the contact area. According
to the assumptions that the ligand-receptor bonds for silicone rubber/
cell system [35] or the van der Waals interactions for graphene/sub-
strate [8] will fail when the displacement differences of the cell and
rubber or the graphene and substrate are greater than the critical values,
the local springs in our models will break when the displacement dif-
ferences (u; — up) of the film and the elastic substrate in the contact
region are greater than the critical failure displacement (5.) .

2.2. Description of the B-type model

For the bonded interface with prefabricated imperfections, as shown
in Fig. 1(a), the analytic solution can be obtained when treating the film
as a free-standing sheet with clamped edges [22,41,45]. With the
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Fig. 1. (a) illustrates the bonded interface with pre-existing imperfection called as B-type. (b) shows the sliding interface named as S-type. (c) indicates the con-

strained lateral space called as C-type.

Stress state of an infinitesimal element

Fig. 2. Schematic of the 2D unit cell considering interfacial sliding. (a) shows the coordinates of the characteristic points. (b) is the stress state of an infinites-

imal element.

increase of the compressive strain ¢, the film will bifurcate from orig-
inal flat state to the wrinkling one. Then, the amplitude of the wrinkles
increases with further compressive strain. Here, the load is applied to
both the film and the substrate. Thus, the stress at the film boundary
(point B in Fig. 2(a)) equals to the applied load and the analytical so-
lution of the film deformation can be obtained [22,41]. The critical
wrinkling strain e, and the configuration of the wrinkle w can be
expressed by Eq. (3) and Eq. (4).

7'[2 hf 2
& = E(xj) s 3

_ hf X =)
w—%(l—i-cos(z)),/g—l, (€))

2.3. Description of the S-type model

The shear-lag model is adopted here to study the effect of interfacial
sliding on the deformation of the system. Increasing the compressive
strain, as shown in Fig. 3, the film deformation will proceed through two
phases: first flat compressing (Fig. 3(b)) and then wrinkling one (Fig. 3
(c)).

Firstly, as shown in Fig. 3(b), the compressed process is analyzed.
When the compressive strain ¢ is applied to the substrate, the film will

be compressed due to the stretched springs. In this process, the Cauchy
strain (¢, = %7£f — 4ty is introduced to describe the deformation of the
substrate surface and the film since only the in-plane deformation is
considered here. Based on the small deformation assumption and the
linear-elastic constitutive relation (cs=FEses,0¢=FEfes), the equilibrium
equations of the elastic substrate surface (Eq. (1)) and the film (Eq. (2))
in the contact region can be rewritten as:

dZ
substratesurface : i E, du; = pk(uy — ug)xe < x < xp. (5a)
X
S dzuf b
film : thfW +pk(us — uf) =0x4 <x<xp. (5b)

Eq. (5) can be simplified as a four-order ordinary differential equa-
tion by replacing uf with ug.

d4u§ pk hE; aaus
s P422) C8  gre < x <. 6
dx  hE, ( +th,-> a2 e=t=T ©

By substitutingp for % (l + ’,:fg), the general solution of this ho-

mogeneous ordinary differential equation can be obtained as.

us = a. + bex + cceV* + dce’\/‘;xxc <x < xp. (7a)

b
(@) / film (b)

/v film (c)

film ,

The original state

The compressed state

The winkling state

Fig. 3. S-type model. (a) shows original state. (b) is the compressed state. (c) illustrates the wrinkling state.
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hyE, :
up = da, + bex — ﬁ (cce\//;x + dce’\//;”>xA <x < xg. (7b)
Er

According to the stress continuity (0sly.(ocxere) = Osluc(xecxcn)?

ot = o )) in joint point between the contact region

XA (0=<x<xa)
and the non-contact one, the displacement fields (Eq. (7)) and the cor-
responding stress fields then can be obtained by the geometric equations
and constitutive relations. Similarly, the strain and displacement con-
tinuities are given in Eq. (8). Here, because the load is only applied to the
substrate, the stress at the film boundary (point B in Fig. 2(a)) equals to
the zero. Finally, detailed expressions of the displacement fields and the
corresponding stress fields are shown in the supplementary materials
(Note S1).

XA (XA <x<xp

us‘xc(oﬁxgc) = u5|xc(Xc§X<XD)’ uf|xA(0§x<xA) = uf‘xA(x,\gxo-g)‘ (8)

= ¢, ef} =0. (8b)

&|
S X=XB

x=xp

Then, as shown in Fig. 3(c), the film will wrinkle when the
compressive strain reaches to the critical value &.. The film is considered
to be clamped at two sides (points A in Fig. 2). The wrinkling behaviors
are studied based on the nonlinear buckling theory of the elastic plate.
The governing equation of the wrinkled film is:

Fw Fw

+ er}.m. 9

D_, w

h—fV W=0iag + aya—yz

where D is the flexural rigidity of the film. Due to same deformation

along the y direction, Eq. (9) can be rewritten as a fourth-order ordinary

differential equation.

d*w  hy d*w

- s —=0. 10

¢ D™ de (10)
Based on the clamped boundary conditions: w|,_,, = 0,w|

0, the critical wrinkling stress 6, applied to the film at x = +x, and the

deflection after the film is wrinkled then can be obtained as:

_ Efﬂ'z hf 2
0. = ?(g . 11)
he n ol s,
w=——(14cos|—x —A 1. 12
Ay a2

The Green strain is used here to describe the large deformation of the
film. And, the linear constitutive relation of the film can be represented
as [27]:

/ du, duy  1(0w\’

Here, u; is the displacement of the film induced by compression and
bending. The equilibrium equations of the substrate surface (Eq. (1)) and
the film (Eq. (2)) in the contact region can then be rewritten as:

duy ,
substratesurface : hsEsd—uz‘ = pk (us — uf)xc <x < xp. (14a)
X
L , b
film : thfW + pk(uS - uf> =0x; <x < xg. (14b)

The treatment of Eq. (14) is the same as that of Eq. (5). The
displacement and stress fields of the substrate surface and the film can
then be obtained according to the displacement compatibility
us‘xc(xch<x|))7 11: ‘x,\(ng<xA) = u’flx,\(x,\gx<xu)) and strain
oy = €05 € = 0). The detailed expression
of displacement and stress fields are shown in the supplementary ma-
terials (Note S1).

(us|xc(0§x<xc) =
boundary conditions (&|

X=Xp

x=1txs
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2.4. Description of the C-type film/substrate model

As shown in Fig. 1(c) and described in Section 2.3, the amplitude of
wrinkle increases with increasing the compressive strain until the
wrinkle contacts with the rigid plates. The following deformation of the
film consists of three processes, including the point contact with the
rigid plates (Fig. 4(b)), line contact (Fig. 4(c) and Fig. 4(e)) and the mode
transition (Fig. 4(d) and Fig. 4(f)).

As shown in Fig. 4(a), the amplitude of wrinkle obtained from S-type
model increase with the increasing of compressive strain. The point
contact between the film and rigid plates occurs once the amplitude
reaching h, as shown in Fig. 4(b). The frictionless contact assumption is
adopted here to simplify the models. Moreover, effects of the complex
contact conditions that film making contact with rigid plates can be
referred to the reference [29]. Then, with the increase of the compres-
sive strain, the contact region increases, causing the mode shifting from
point contact to line contact, as shown in Fig. 4(c). The flat state of line
contact region (no curvature and thus no bending moment) gives the
boundary conditions:

Wy o =Ryl =w| =w limey = w le=t2 = w li=t, 2 = 0, 1s)

X=XA Xx=xA

Here, the line contact region is defined as the region that the film
makes contact with the rigid plates. The deflection equation shown in
Eq. (10) and the boundary condition in Eq. (15) require that the
deflection of the film in the no-contact region (}; /2 < x < x,) satisfy:

w_ =2a(x —xa)/(xa — 1 /2) +sina(x —x4)/(xa — 11/2))
b 2z

L /2 <x <,
(16)

The relationship between the geometric parameters of the contact
region and the applied stress to the film at x = +x, should satisfy the
following expression by combining Eq. (16) and Eq. (10):

Ech? 2n 2
17
Ol =73 a—1/)2) an

(@) (b)

—
—
|—>|

The wrinkling state The point contact

line contact zone (d) secondary wrinkle

film

The line contact The model transition

The model transition

The line contact

Fig. 4. C-type model. (a) shows wrinkling state obtained from S-type model.
(b) illustrates point contact with the rigid plates. (c) is line contact. (d) shows
the mode transition. (e) defines the geometric parameters in the line contact
state. (f) defines the geometric parameters in the mode transition.
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Moreover, according to the treatment of the equations in Section 2.3,
the displacement and stress fields of the substrate surface and the film
can be obtained due to the displacement compatibility (U, o<xcx) =

)) and strain boundary conditions

’

ub‘xc(xc§x<x|3)7uf |xA(0§x<xA) = u’f'xA(xAgx<xB
(€S|X:XD = &, €;'|x:xB = 0). The detailed expressions are given in the
supplementary materials (Note S1).

Moreover, as a special case of the line contact (}; /2 = 0), the point
contact state is different from the end of the wrinkling state when the
amplitude of the wrinkle is h. Thus, the displacement and stress fields of
the substrate and the film in the point contact process can be obtained by
taking I; /2 = 0 to the Eq. (5 s) and Eq. (6 s), which are detailed in the
supplementary materials (Note S1).

Finally, when the line contact region is long enough, the mode
transition occurs and the wrinkle of the film will snap as shown in Fig. 4
(d). Here, as shown in Fig. 4(c) and Fig. 4(e), the film in the line contact
region (— l; /2 < x <1 /2) can be considered as the plates with clam-
ped ends. Then, the critical wrinkling stress and the configuration of the
wrinkle can be obtained according to the nonlinear buckling theory of
the elastic plate. Therefore, as shown in Fig. 4(d) and Fig. 4(f), the
transitioned model of the film consists of two parts, including the pri-
mary wrinkle (— x4 <x< — I /2,11 /2 <x < x4) and the secondary
wrinkle (— l; /2 <x <1 /2). Due to the symmetry of geometry and
loading, as shown in Fig. 4(f), the boundary conditions can be expressed
as:

’
’

,
, . .
=w ‘x:):/\ =Ww Ix:xl\ =w ‘x:ll/2 =w |,x:I|/2 =0, (18)

Wty = W]

X=Xp

Then, the deflection of the wrinkled film should satisfy:

hy X 5‘1:1./2

= i S 3 A~ - < <
w=nh 7 {1 + cos <11/2>} —g,c 10<x<1 /2, (19a)

o Et]’l% V4 2
=12 \u2)" (19b)
w_ —2m(x —x4)/(xa — 11/2) 4+ sin(27(x — xa) /(x4 — 11 /2)) /2 <x <,
h 21

(19¢)

y_Edi( 21\ (19d)

T \u-u2)"

Here, o, is the critical mode transition stress of the film at x = [ /2
and o/ is the critical mode transition stress of the film at x = xa.
Moreover, the displacement and stress fields can be obtained due to the
displacement compatibility (u|

’

U

’

Xc (0<x<xc)

ea(xa<x<x)) and strain boundary conditions (g|,_,, = 507“";'|x:xB =0).
The expressions are described in the supplementary materials (Note S1).

In addition, the boundary change is also considered in this paper. As
discussed in Section 2.1, the local springs will break when the
displacement differences (us — ug) of the film and the elastic substrate
surface in the contact region are greater than the critical failure
displacement (8.). Thus, the boundary of the contact region will change
with increasing the compressive load. The expression of the displace-
ment and stress fields are described in the supplementary materials
(Note S3).

3. The solution method of different models of film wrinkling

For the B-type model, as discussed in Section 2.2, the analytical so-
lution can be obtained. Once the interfacial sliding is introduced, how-
ever, as shown in Sections 2.3 and 2.4, the displacement and stress fields
of the S-type model are related to the boundary coordinates of the
contact region. Due to the changing boundaries in the contact region,
the analytical expression of displacement and stress fields can only be

uleC(XcSX<XD)’ u, ‘XA(OSX<XA) =
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iterated by the numerical method. Especially, when the lateral con-
straints are introduced, the analytical expression of displacement and
stress fields (C-type model) cannot be directly obtained. As discussed in
the supplementary materials (Note S1), the numerical iteration can only
be processed when appropriate parameters ¢| and cy, are selected based
on the actual situation.

As defined in Figs. 1,2 and 4, the geometrical and material param-
eters of the film and the substrate are set as: &2 & — 80,20,1, ks & b —

heo e By > Ry he R
80,20,100, % % X %> — 20,40,20,40, £ =2,% =1,% = 250and 2 =

12.5, where hf and Eg are taken as the length and the strength units,
respectively. The solving processes are outlined in the form of the flow
diagram, as shown in Fig. 5. Considering the geometric parameters
defined above, the film and elastic substrate surface are separated into
4000 material points. Moreover, due to the symmetry, only half of model
(2000 material points) is considered in the calculation and their initial
coordinates are from 0 to 40 (0 < £ < 40). Therefore, the left (A, C) and
right (B, D) boundaries of the contact region correspond to the 1000th
and 2000th material points of the film and the elastic substrate surface,
respectively. The initial coordinates of these material points are: 3+ = 20,
= =40,3¢ =20, 32 = 40. And, 1000 local springs that connect the film
and the elastic substrate are set in the contact region. The solution of the
wrinkling, point contact, line contact and mode transition processes are
similar to that of the compressed process except for the criterion for
entering the next process. Therefore, the solution diagrams for these four
processes are illustrated detailly in the supplementary materials (Note
S2).

Fig. 5 shows the solving diagrams of the film in the compressed
process. Six steps are included in the solving processes.

(1) Firstly, for the compressed process, the initial geometric param-
eters of the film and the elastic substrate surface in the contact
region, initial strain and the iteration parameters are set as:
XA /ht = 307X‘B /ht = 40,X‘C /ht = 30,XD /hf = 40, €0 = 0, il =0.

(2) Considering a small increment of the strain Ae =1 x 10’5, the

displacement and stress fields of the film and the elastic substrate

surface in the compressing process can be obtained based on the

expressions (Egs. (8 and 9)).

Considering that interfacial sliding occurs on the right boundary

firstly, the right boundaries (B, D) in the contact region will

change. If the displacement differences of the right boundary (|xz

— xp|) are greater than the critical failure displacement (5.), the

corresponding springs will break and the right boundaries (the

2000th material point) will be replaced by the new boundaries
corresponding to the (2000-i1)th material point. As a result, the
new coordinates of the right boundaries can be expressed as:
xp= (40hs — 0.02h,i;) — ur(2000 — 1y ),

Xxp= (40hy — 0.02hi; ) — us(2000 —iy) *

uf(2000 — i;)andus(2000 — i) represent the displacement of the

(2000- il)th material point of the film and the substrate,

respectively.

Because 1000 local springs are set between the film and the

substrate surface, the interface interaction will fail when all these

springs are broken, resulting in the end of the flow diagrams.

Thus, the judging criterion is that whether the iteration param-

eter is less than 1000 (i; < 1000).

(5) When the coordinates of the new boundaries are obtained, the
parameters (a, b, ¢, and d) related to the displacement and stress
fields can be obtained by taking the new boundary coordinates
(xa,XB,Xc,xp) and applied strain to their expressions.

(6) Repeat Steps 3, 4 and 5 until the determination condition is
satisfied. Here, the stress of the film at the left boundary of the
contact regionx = xareaches to the critical wrinkling value:
Olx=x, = 0.. After that, the deformation of the film comes into the
wrinkling process.

3

-

Here, the expressions

(4

—
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x, fh: =20.x fh, =40.x fh, =20,

a, =a,(x,. 5. %:.%5.5 )b, =b (%, . x5.%..%5..5,

-

¢, =, (X, XgXeaXp5)d, = d (X, X5 X0 X505,
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Fig. 5. shows the solving diagram of the compressed process.

Moreover, as discussed in Section 2.4, the analytical expression of
displacement and stress fields cannot be directly obtained for the C-type
model. Especially, for the parameters ¢ and ¢y, in the line contact and
the mode transition process respectively, the numerical solutions are
non-unique. Considering that the parameters ¢ and ¢, are continuous
between the adjacent deformation states, they can be obtained by the
continuity condition. Therefore, c; is equal to ¢, at 6|,_,, = 6¢p, which is
the criterion for the deformation from point contact process to the line
contact one. ¢y equals ¢ ato|,_y, » = 6., where the system deforms from
the line contact process to the mode transition one.

4. Results and discussions
4.1. Deformation characteristics of the different models

As discussed in Section 2, three different types of film wrinkling
models can be included when the partial contact and the lateral
constraint are considered. For the B-type system, the analytical solution
can be obtained, while only the numerical solutions can be attained for
the S-type and C-type systems. The numerical calculation method is
illustrated detailly in Section 3. Fracture of the local springs is not
included in this section and its effect is discussed in Section 4.2. The
calculation parameters are the same as those in Section 3.

The deformation process is characterized by three types of film
wrinkling models, as shown in Fig. 6. The deformation of the B-type
model includes two processes (Figs. 6(a and b)). Noted that the load is
applied to both the film and the substrate, the applied strain is equal to
the film strain at the left boundary of the contact region (eg=¢a) due to
the perfectly bonded assumption. The film wrinkles from flat state once

2
the applied strain reaches the critical value (¢ = &, = %(%) =
0.21%). After wrinkling, the stress of the left boundary ("E—f) in the

contact region and the deflection of the wrinkle (‘W‘}‘I’I‘*") increase with

increasing of the applied strain. However, when the interfacial sliding
and the lateral constraint are introduced, the deformation of the system
proceeds through 5 phases, including the compressed state (I), the
wrinkling state (II), the point contact state (III), the line contact state
(IV) and the mode transition one (V). When the film stress of the left
boundary (o4) in the contact region reaches to the critical value

E E12\ xa

2
('}%’k‘:ﬁ:E’”2 (ﬂ) =0.52 in Fig. 6(a)), the film wrinkles (I-II) at

applied strain 0.72%. In addition, the interfacial sliding will increase the
critical strain applied to the elastic substrate compared to the B-type
model. This attributes to the fact that stress distribution of the film and
the elastic substrate surface in the contact region is no longer uniform
and the strain of the left boundary (ea,ec) is not equal to the strain
applied to the substrate (¢p) any more, which is different from the
perfectly bonded interface case (Figs. 6(c and d)). After the film is
wrinkled, its deflection will increase gradually to the distance between
the film and the rigid plates h until point contact (II-III), where the
corresponding applied strain is 3.53%. The line contact process starts
once the stress of film in the left boundary (c4) reaches to the critical

2
value (% = B= ’i{’}f; ()27;’) = 2.12 in Fig. 6(a)) (III-IV). Here, length of

the line contact region is zero (I; /2 = 0) and the corresponding applied
strain is 3.66%. And the length of the line contact region increases
gradually until the film stress at the boundary of the line contact region

, 2
reaches to the critical value (% = % = %(ﬁ) = 4.93) (IV-V),

where the mode transition occurs and the secondary wrinkle appears in
the film (e9=7.94%). Finally, the computations are completed when the
deflection of the second wrinkle is h (|w]||, = o=h) and the applied strain
is 15.85%. Moreover, a demonstrative experiment is conducted to
illustrate the evolution of the constrained film, where the 5 processes
(Fig. 6(g)) can be clearly observed. The detailed descriptions of the
experiment are illustrated in the supplementary materials (Note S4 and
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Fig. 6. Characterization of the deformation processes for three types of film wrinkling models. (a) the dimensionless coordinate ();T?) as a function of the stress (‘g—/\‘) at

the left boundary (A in Fig. 2) of the contact region. (b) the dimensionless deflection of the wrinkle (% ), boundary of the line contact region (%) versus the
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strains for different deformation processes. (f) the configurations of the film and the elastic substrate surface at the critical strains. (g) Profiles of the film in the

demonstrative experiment.

Video 1).

As shown in Fig. 6(a), the transition from wrinkling to the point
contact state is noteworthy (II-III). Here, the winkle amplitude of the
film reaches h in the wrinkling process is called as the end of the
wrinkling process and the starting point of the line contact process with
only one point of the film making contact with the rigid plates is named
as the point contact state. As shown in Fig. 6(f), although amplitudes of
the wrinkle at the end of the wrinkling process (g=3.53%) and the point
contact state (eg=3.66%) are equal, they are two completely different
states during the film deformation. Thus, it is an interval from the end of
the wrinkling process to the point contact state, which is called as point
contact process. In the point contact process, the applied strain increases
from 3.53% to 3.66%. Another important thing to be noticed is the
process from the line contact state to the mode transition one (IV-V). It is
known that the mode transition occurs when the line contact region is
long enough (— 13 /2 < x < [; /2) and the film stress in the boundary of
line contact region reaches the critical value. According to Eq. (19b),
when ¢y, /5 equals to 0., the wrinkle snaps and the secondary wrinkle
appears, where the film stress in the left boundary of the contact region

2
is given by Eq. (19d) (o4 = % (XA f;’l /2) ). Because the curvature of the

2
film at x = Iy /2 s zero, the film stress at x = I /2 (o1, )2 = E{—}f(ﬁ) )is

equal to that at x=xs (61,2 = 6a) based on the constitutive relation
shown in Eq. (13). As a result, the length I; /2 is equal to % (; /2 =%)
when the mode transition occurs, which is verified in the numerical
calculation as well. As shown in Fig. 6(b), when the wrinkle snaps, the

length of the line contact region is 6.46 (11# = 6.46), where the coor-
dinate of left boundary of the contact region is 19.38 (52 =19.38 in
Fig. 6(a)).

Moreover, as shown in Figs. 6(c and d) for B-type model, applying
load to both the film and the substrate and the bonded interface results
in the constant stresses of the film and the elastic substrate surface in the
contact region. However, when the interfacial sliding is introduced (S-
type and C-type) and the load is applied only to the substrate, the dis-
tribution of stress of both the film and elastic substrate surface are no
longer uniform. Therefore, the critical wrinkling strain for the B-type
system (e,=0.21%) is smaller than that of the S-type one (g.=0.72%)
when the interfacial sliding is introduced. Moreover, effects of the
interfacial sliding on the stress distribution will increase continually
although deformation of the film goes into the wrinkling process. As
shown in Fig. 6(a), the film stress in the left boundary of the contact
region (c,) for the B-type model is larger than that for the S-type one
after wrinkle appears.

In addition, as shown in Eq. (5), the stress gradient (% ,%) is pro-
portional to the displacement difference (us — ug). As a result, the vari-
ation of the stress can be derived by the displacement differences shown
in Fig. 6(e). Here, the load state is defined as follows. When us — usis less
than —10~*, between —10™* and 10~ or larger than 107, the corre-
sponding spring exerts stretch load, keeps natural state or applies
compressive load to the film. Thus, in the compressed process, some
springs exert compressive load to the film and the others keeps natural
state. When wrinkles appear, some springs that close to the wrinkle will
transfer stretch load to the film. As the deformation of the system con-
tinues, more and more springs exert stretch load to the film. This
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phenomenon is beyond our expectation because the wrinkle will be
suppressed by the springs exerting stretch load. In fact, the appearance
of springs exerting stretch load attributes the wrinkle. According to the
expression of the Green strain in Eq. (15), the film strain includes two
parts, which are the compression strain and the strain induced by the
out-of-plane displacement (w). While, the elastic substrate strain only
includes the compression one. As a result, displacement of the film (uf)
close to the wrinkle is larger than that of the substrate (ug). Moreover, as
shown in Figs. 6(d), although some springs exerts stretch load to the
film, the stress in the left boundary of the contact region (cp) is still
larger than zero, corresponding to the compressive load. Therefore, the
phenomenon beyond our expectation is reasonable.

The configurations of the film and the elastic substrate surface under
different applied strains are shown in Fig. 6(f). In the compressed pro-
cess, the film and the elastic substrate surface remain flat. Under the
wrinkling process, the film is wrinkled and the amplitude gradually
increases to |w||x — o=h. Here, it can be found that profiles of the film at
the end of the wrinkling process and the point contact state are different,
although they have the same maximum deflection (% = 2). When the
line contact region length is long enough, the wrinkle will snap and the
secondary wrinkle appears in the mode transition process. Here, due to
the large thickness ratio of the substrate to the film (;‘T: =100), the elastic
substrate keeps flat during the whole deformation process. Moreover, as
shown in the small box of Fig. 6(f), the displacement differences (us — uy)
in the right boundary of the contact region increase with the deforma-
tion processing. In addition, the film profile changes are also verified by
the demonstrative experiment in Fig. 6(g).

4.2. Effect of the interfacial parameters on the deformation of the
different film wrinkling models

4.2.1. Effect of the interfacial strength

As discussed in Section 2.1, the interfacial strength can be repre-
sented by the critical failure displacement (8.) of the springs. When the
interfacial stress exceeds the interfacial strength, the corresponding
displacement differences (us — ug) will be larger than the critical value &,
resulting in the interface fracture. Based on the results obtained in Fig. 6
(e), the maximum displacement differences in critical states can be ob-
tained. From state I to state I, II to IIL, III to IV, IV to V and V to the end of
the calculation, the maximum displacement differences (”*h‘f Uy are 0.017,
0.084, 0.087, 0.190 and 0.379, respectively. The phase diagram of
critical conditions for different film deformation states in terms of the
maximum displacement difference and the applied compressive strain is
shown in Fig. 7. The diagram characterizes the film deformation during
the compressive strain increases, including the compressed process,
wrinkling process, point contact process, line contact process, model
transition process and interface fracture process.

According to the results obtained in Fig. 6(e), the maximum
displacement difference appears in the right side of the contact region
(“";f U5 ), which is also the critical failure displacement (;%) of the springs

at the interface. When the maximum displacement difference is below
0.017, the film deformation only experiences the compressed process.
Here, all the springs will be broken successively when the applied strains
reach to the critical values, resulting in the interface fracture. However,
when the maximum displacement difference ranges from 0.017 to
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0.084, 0.084 to 0.087, 0.087 to 0.190 or 0.190 to 0.379, the film
deformation is more complex but similar. Taking the film deformation
with the maximum displacement difference being between 0.087 and
0.190 an example, the film comes into the wrinkling, point contact and
line contact states when the applied compressive strains are over 0.72%,
3.53% and 3.66%, respectively (dotted line in Fig. 7). Once the applied
compressive strain reaching to the critical value (intersection of the
dotted line and the green line), the interface fracture occurs. Here, the
film deformation degenerates from the line contact state to the point
contact sate to the wrinkling state to the compressed one and finally
returns to the initial state. Moreover, when the maximum displacement
difference is greater than 0.379, the film will experience all the defor-
mation states until the second wrinkle makes contact with the elastic
substrate and the interface fracture will not occur.

4.2.2. Effect of the interfacial stiffness

The interfacial stiffness is the production of the spring density and
stiffness (pk), which is discussed in Section 2.1. Based on the results
shown in Fig. 6(a) and Fig. 7, it can be inferred that there is a critical
interfacial stiffness in any deformation process defined in Section 4.1.
When the interfacial stiffness is less than the critical value, the interface
fracture will arise in this process. Otherwise, the film will enter the next
deformation process. Moreover, the critical interfacial stiffness cannot
be directly obtained and it can only be calculated by setting different
values in the calculation. Here, the critical interfacial stiffness in the
wrinkling process is discussed.

Fig. 8 shows the relationship between the interfacial stiffness and the
critical wrinkling strain. For the B-type model, where the strain is
applied to both of the film and the elastic substrate, the critical wrinkling
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strain is a constant (¢, = 0.21%) with the increase of the interfacial
stiffness. For the film with bonded interface and the compressive strain
is only applied to the elastic substrate, the critical wrinkling strain is
larger (e. = 0.72%) and remains unchanged. As a result, applying load
only to substrate raises the threshold of the film wrinkling. The square
scatters are the results when the interfacial sliding is introduced and the
compressive strain is only applied to the elastic substrate. With the
decreasing of the interfacial stiffness, the critical wrinkling strain in-
creases rapidly when the interfacial stiffness is less than 1 (%“ =1).
Based on the calculation, all springs are broken before the wrinkle ap-
pears when the interfacial stiffness is set below 0.25 (unfilled square in
Fig. 8), while the wrinkle will appear when the stiffness value is set as
0.29 (the first filled square in Fig. 8). Thus, the critical interfacial stiff-
ness for entering in the wrinkling process can be inferred between 0.25
and 0.29 (0.25 < 2 < 0.29).

4.3. Effect of the length of the contact region

The effect of the initial contact region length on the deformation of
the film is discussed in this section. According to the expressions of Eqs.
(11),(12), (9s), (19b). and (19d), the critical film stresses in the left

2
boundary of the contact region are o4 :E{—’f<%f\) for wrinkling,

2 2 2
op = ((‘Z%h) +l> E{—’;(;’—;) for point contact, 64 = E'T”Z(J’(‘—;) for line

2
contact and 64 = 3%”2 (%) for the mode transition, respectively. It can

be found that the critical film stress (64) in these deformation processes
defined has the similar relationship with the initial contact region length
(xa). Thus, the initial contact region length has the similar effect on any
deformation process and its effect on the critical wrinkling strain is
discussed as an example.

The effect of the initial contact region length (*;74) on the critical
wrinkling strain (e;) is illustrated in Fig. 9. For the relatively small
contact region (I and0 < "B,; X2 < 0.16), as shown in Fig. 9(a), the critical

wrinkling strain decreases with the increasing the initial contact region.
The reason for the decreasing critical wrinkling strain (e.) is that more
springs participate the load transfer when the initial contact region in-
creases. For state II (0.16 < ’% < 24), the critical wrinkling strain
shows slow increase because the critical wrinkling stress of the left
boundary (g{) increases slowly. In state III (24 < "Bh;"" < 36.8), although
more springs are set in the interface for increased initial contact region
length, the critical wrinkling stress of the left boundary (c4) increases
more quickly due to the inverse relationship with the square of the initial
contact region length (x4) shown above. As a result, the critical wrin-
kling strain (e.) increases rapidly in this stage. After the contact region is
long enough (IV and36.8 < *;* < 40), wrinkle will not appear in the
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film because the maximum displacement in the contact region (2*2)

reaches the critical valued.and all springs will be broken successively.

The results can be discussed further for different interfacial strength.
The maximum displacement differences in Fig. 9(b) are the values where
the wrinkle just appears. As shown in Fig. 9(b), the minimum value of
the maximum displacement difference is 0.0058, which is the minimum
interfacial strength of wrinkle. Less than the minimum interfacial
strength, the interface fracture occurs and the wrinkle will never appear
in the film. For the interfacial strength ranging from 0.058 to 0.52, the
wrinkle will appear in the film when the values are above the red line in
Fig. 9(b), which corresponds to the slash area. While, when the values
are below the red line, wrinkle will not appear (horizontal line area).
This is due to the fact that there are not enough springs for the small
contact region length or the critical wrinkling stress of the left boundary
is too great for the larger contact region length. Moreover, for the large
interfacial strength (0.52 < %:), the wrinkle will not appear only for the
large contact region length (horizontal line area).

5. Model application

The developed model in previous sections is used to study the
deformation of the graphene contacting to the polyethylene tere-
phthalate (PET) substrate. For characterizing the deformation of the
graphene, the parameters used in the calculations are picked out from
the references and are listed in Table 1. Here, only the compressed and
wrinkling processes are discussed because the interaction between the
graphene and the rigid plates are more complex than the assumptions in
our model.

The deformation characteristics of the graphene are illustrated in
Fig. 10. As shown in Fig. 10(a), the change of the critical wrinkling strain
with different contact region lengths is the same as that shown in Fig. 9

Table 1
Main parameters of the graphene, PET and interface in the present study.
Parameter Definition Value Source
Eg¢ Young’s modulus of graphene 1TPa [28]
Vs Poisson’s ratio of graphene 0.16 [8]
L¢ x be x hy  Geometric dimensions of 40, 10, 3.5 x [8]
graphene 10~*(um)
pk Stiffness of the interface pk = 100TPa/m [24]
Eg Young’s modulus of the PET 4GPa PET
Vs Poisson’s ratio of the PET 0.4 PET
de Critical failure displacement 5.5nm [24]
Lg x bs x hg Geometric dimensions of the 40, 10, 0.5(pm) PET
PET
Xp,XB Initial values defined in Fig. 2 10pm, 20pm
Xc,Xp Initial values defined in Fig. 2 10pm, 20pm
h Parameter defined in Fig. 4 1pm

10

(a). For the small contact region (Inm< xg — xp < 3um), the critical
wrinkling strain decreases with the increasing of contact region because
more springs are set to participate the load transfer. However, the crit-
ical wrinkling strain increases sharply when the contact region length
reaches a certain value although enough springs are set in the interface.

This attributes to the inverse relationship (64 -

2
= %(ﬁ> ) between the
second power of the initial non-contact region length (x4) and the crit-
ical wrinkling stress of the film (6,4). However, the phenomenon that the
critical wrinkling strain decreases with increasing the contact region for
small contact region is not be observed in Jiang’s experiment [24]
because this theoretical phenomenon appears when the applied strain is
on the order of 10~°. In our calculation, the critical wrinkling strain is
0.25% and the maximum displacement difference is 4.3 nm when the
non-contact region length is 7 nm. Our calculated results of the mini-
mum non-contact region length for wrinkling are close to those from the
references. For the graphene contacting with PET, the initial buckling
length is 4.2 nm and the critical buckling strain is 0.26% based on Cui’s
calculation [8] and the initial buckling length is 2 nm by setting the
critical wrinkling strain as 0.7% estimated by Jiang [24]. It can be found
that these two results are close but less than our calculation values,
which may due to the assumption in our models that the interfacial
interaction is zero when the corresponding springs are broken while the
interfacial interaction is considered as a constant when spring broken
occurs in these two references.

The strain distribution of the graphene is shown in Fig. 10(b), where
the non-contact region length is 7 nm. The strain distribution is char-
acterized by the shear-lag effect and is the same as that of the experi-
mental data [24] when the applied strain is 0.2%. Although the
experimental data is obtained from stretching the graphene, they are
comparable and the same as those obtained by compressing the gra-
phene in the compressed process of our model. The spring broken occurs
when the applied strain is 0.25% shown in Fig. 10a, which is close to the
simulated or experimental values 0.3% [8,24].

For the graphene with 7 nm long non-contact region, the change of
the critical wrinkling strain with the length of the graphene is shown in
Fig. 10(c). The critical wrinkling strain shows the significant size effect
when the length is less than 13pm, while the size effect length of the
graphene is 8um in Cui’s calculation [8]. The reason has been explained
in Fig. 10(a) that the constant interfacial interaction assumption in their
calculation, which results in the smaller initial buckling length (4.2 nm).
However, the reason for size effect is not illustrated in their work. In fact,
the size effect is due to the shear-lag effect of the deformed graphene and
the PET. For the graphene contacting to PET with a given non-contact
region, the critical wrinkling strain of the graphene then can be deter-

2
mined by the expression (e, = % <%> ). In addition, based on the results
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Fig. 10. Characteristics of the graphene deformation. (a) shows the change of the critical wrinkling strain (¢.) and the maximum displacement difference in the
contact region (xg — xp) with the initial contact region length. (b) shows the strain distribution of the graphene and the comparison with the experimental data from
[24]. (c) illustrates the relationship between the critical wrinkling strain and the length of the graphene with 7 nm of the initial non-contact region (x5 = 3.5nm). (d)
expresses the maximum deflection of the graphene from different initial contact region when springs broken occurs in the interface.

shown in Fig. 6(e), the shear stress decreases from the edges and are
close to zero at the center. For a longer graphene (greater than 13pm),
only the springs near the edge participate the load transfer and springs
close to the center keep the natural state. However, for a short graphene,
all the springs will participate the load transfer and the applied critical
wrinkle strain increases with decreasing the graphene length.

For different initial contact region, the maximum deflection of the
graphene when the spring broken occurs is calculated in Fig. 10(d). For
the larger contact region (19.993um< xg — xa), the spring broken occurs
without wrinkling in the compressed process and the reason is illus-
trated in Fig. 10(a) above. For the contact region (3um< xp — xp <
19.993um), the maximum deflection of the graphene increases with the
decreasing of contact region length, which is due to the decreasing
critical wrinkling strain shown in Fig. 10(a). However, the maximum
deflection of the graphene shows decreasing trend when the contact
region length decreases from 3um to 1 nm because the corresponding
critical wrinkling strain increases, which is also illustrated in Fig. 10(a).
Moreover, the maximum deflection of the graphene is 0.88um when
contact region length is 3um.

6. Conclusions

In summary, this paper performed theoretical analysis, numerical
simulations and experimental measurement to address the wrinkling
behaviors of the film with partial contact and lateral constraints being
included especially. Due to the introduction of the lateral constraints,
the film undergoes 5 processes, including the compressed state, the
wrinkling state, the point contact state, the line contact state and the
mode transition one. When the interface failure is considered, interface
strength, interface stiffness and the length of the contact region
contribute to the film deformation. Increasing the interfacial strength
and stiffness will accelerate the film wrinkling and increase the interface
failure threshold. For the initial contact region length, the film wrinkling
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attributes to the competition of the spring number and the increasing
rate of the film critical wrinkling stress. The spring number plays the
major role for the small contact region length, otherwise it is the
increasing rate of the wrinkling stress. For the graphene contacting with
the PET, the critical wrinkling strain of the graphene shows significant
size effect when the length is less than 13pm. This attributes the shear-
lag effect because only the springs near the edge participate the load
transfer for the graphene with length greater than 13pm, while all the
springs will participate the load transfer when the length is less than
13pm.
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