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Metastructures based on kirigami (the Japanese art of paper folding and cutting) have great potential for
applications in stretchable electronics, bioprobes, and controllable optical and thermal devices. However,
a theoretical framework for understanding the physics of their buckling behavior and to facilitate the
search for ultrahigh stretchability has yet to be developed. Here, we present such a framework based
on an energy approach. Closed-form analytical solutions and scaling laws are obtained for some key
mechanical quantities, including flexibility, normalized flexibility, critical buckling strain, maximum ten-

Il;?é ‘llrl(i)r:dS: sile strain, elastic stretchability, normalized stretchability, and out-of-plane stiffness. Both experiments
I(irigamgi and numerical calculations are performed to validate the accuracy and scalability of the theoretical
Flexibility model. Systematic analyses of key mechanical quantities reveal how it is possible to bridge the gap

between kirigami design by experience and by mechanically guided design, as well as how various
dimensionless geometric parameters can be used to regulate buckling responses. Illustrative applications
show that the ability to predict and tune the mechanical programmability of the proposed theoretical
framework enables stable electromechanical conversion and programmable electromechanical kirigami
with domino-like buckling. This work provides a foundation for further research and can also aid in
the design of kirigami for use in programmable metastructures and metamaterials and energy harvesting.

© 2021 Elsevier Ltd. All rights reserved.
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1. Introduction stretching (Babaee et al.,, 2020; Blees et al.,, 2015; Choi et al,,

2019; Guan et al, 2018a, 2018b; Lamoureux et al., 2015;

Mechanically guided design of architected structures provides
them with many exceptional properties ranging from ultrahigh
specific stiffness, strength, and toughness (Bauer et al., 2016;
Berger et al., 2017; Zheng et al., 2016) to three-dimensional (3D)
topological reconfiguration (Overvelde et al., 2017; Zhang et al.,
2017). Recently, kirigami, the Japanese art of paper folding and cut-
ting, has attracted considerable attention as a superior design para-
digm for the realization of engineered elasticity (Callens and
Zadpoor, 2018). A key merit of buckling-induced kirigami metas-
tructures is that they can be conveniently excised at specific loca-
tions when in their 2D state (An et al., 2019), after which local
elastic instability (Rafsanjani and Bertoldi, 2017) can be exploited
to transform them into multipotent 3D configurations under
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Rafsanjani et al., 2019, 2018; Tang et al., 2017; Yang et al., 2018)
(see SI Appendix, Note 1). Furthermore, the incorporation of vari-
able geometric design into kirigami metastructures creates new
opportunities for enhancing their functions (Chen et al., 2018;
Coulais, 2016; Dias et al.,, 2017; Florijn et al., 2014; Jin et al,,
2019; Mortazavi et al., 2017), since it allows higher stretchability
and lower stiffness (Wang et al., 2020). However, understanding
the underlying relations between buckling properties (including
flexibility, critical buckling strain, stretchability, and deformation
response) and geometries requires the development of a theoreti-
cal framework for both nonbuckling and buckling kirigami metas-
tructures with various thickness. Although some theoretical
models (Wang and Wang, 2020; Wang et al., 2020) have been
established for variable-geometry kirigami with the aim of analyz-
ing the stiffness and stretchability using the theory of elasticity,
they focus on in-plane deformation of thick kirigami and thus fail
to predict the nonlinear properties of buckling kirigami.

This describes the development of a theoretical framework for
kirigami metastructures undergoing stretching, as validated by
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experimental data, an energy approach, and numerical simulation,
and taking into account the effects of three typical motifs (referred
to as Kirigami-1, Kirigami-2, and Kirigami-3). This framework is
intended to provide a design principle for optimizing the flexibility,
normalized flexibility, critical buckling strain, maximum tensile
strain, elastic stretchability, normalized stretchability, and out-
of-plane stiffness of kirigami metastructures. The accuracy and
scalability of the theoretical framework are verified by 3D printing
of fluorescent polymer-based kirigami and the measurement of
out-of-plane mechanical properties of the kirigami surface. Sys-
tematic investigations and quantitative comparisons of nonlinear
effects on prebuckling response, critical buckling strain, postbuck-
ling behavior, and detailed deformation are performed via experi-
ments, theoretical analyses, and finite element method (FEM)
numerical simulations to shed light on the crucial roles of dimen-
sionless geometric parameters, especially the long-arm effect. Fur-
thermore, a novel design strategy associated with hybrid kirigami
structures shows that the models developed here can be used to
map simultaneous buckling to domino-like buckling, as well as
to enable electromechanical programmability and stable device
performance of ultrastretchable polyvinylidene difluoride (PVDF)
kirigami.

2. Design strategy and energy approach to kirigami
metastructures

Fig. 1 presents typical designs and deterministic buckling
modes of kirigami metastructures. Simulations and the experiment
methods are described in SI Appendix, Notes 13 and 14, respec-
tively. Microscopic constructions based on these kirigami metas-
tructures can be fabricated by a variety of manufacturing
techniques, such as laser cutting, 3D printing, thin-film etching,
and photolithography. The examples shown in Figs. 1-3 and
Fig. 4 (except for 4 m) were formed using laser cutting, whereas
those in Fig. 4m were formed by 3D printing.

To develop a strategy for expanding the design space of kirigami
metastructures, we consider three such metastructures, namely,
Kirigami-1, Kirigami-2, and Kirigami-3 (illustrated schematically
in Fig. 1a), which are based on a schematic of the three kirigami
designs described in detail in SI Appendix, Fig. S2. In particular,
the microstructure in Kirigami-3 contains a curvature feature that
can be characterized in terms of large-curvature curved beam
(LCCB) theory, according to which the pure bending normal stress
of the curved beam exhibits a hyperbolic variation along its cross
section. Schematics of the three kirigami designs with their geo-
metric parameters (ribbon width o, arc radius R, connection length
n, and thickness t, as well as the length [ and width m of the tai-
lored vacancy) are provided in SI Appendix, Fig. S2. These reduce
to Kirigami-1, Kirigami-2, and Kirigami-3 when 2n = m = o with-
out application of LCCB, when 2n = m without application of LCCB,
and when n = R with m = 0, respectively. Moreover, the kirigami
metastructures and their buckling behaviors are also characterized
by four independent dimensionless parameters, namely, the
thickness-to-width ratio o =t/w, the length-to-width ratio
B = l/w, the spacing-to-width ratio y = m/w, and the arc-radius-
to-width ratio # = R/w, as well as the number of unit cells s.

The bucking mode of a kirigami metastructure is defined as
antisymmetric or symmetric depending on whether the buckling
morphology of the unit cell in the kirigami is respectively antisym-
metric or symmetric about its transverse axis. Fig. 1b and 1c pre-
sent experimental images of deformed kirigami (Kirigami-1 with
o = 1/50 and B = 3) illustrating representative buckling modes
(i.e., antisymmetric and symmetric modes) and demonstrating
the existence of two local energetic minima. To better understand
the physics of buckling in such stretchable metastructures, we con-
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struct a theoretical framework and determine the scaling laws for
the initial in-plane elastic response, the transition from in-plane to
out-of-plane response, and the limits of the elastic response (for
details, see SI Appendix, Notes 1-8). For the antisymmetric buck-
ling mode, a sinusoidal deformation pattern of the beams can be
observed experimentally (Fig. 1b). Therefore, the unit cell can be
divided into two sinusoidal parts, and only the top beam needs
investigated owing to the antisymmetric geometry. Here, the
out-of-plane buckling deflection § and out-of-plane buckling tor-
sion angle ¢ can be chosen to describe the deformation, and they
can be given in terms of sinusoidal functions as follows:

8 = dgsCOSQ,Sin(27x/1) /2,0 < x < | (1)

(2)

where J, is the out-of-plane deflection and ¢, is the amplitude
of the torsion angle. The total potential energy in the unit cell is
then given by ITs = Ug_a + Ur_a — Wg_s, Where Ug_, is the total
elastic strain energy induced by bending deformation, Ur_4 is the
total elastic strain energy from torsion deformation, and Wr_4 rep-
resents the work done owing to the external load. According to the
principle of virtual work, the critical buckling force of the antisym-
metric buckling kirigami can be determined by minimizing this
total potential energy with respect to dqs and ¢,, i.e., by solving
014 /8des = 0 and 91, /0¢p, = 0.

For the symmetric buckling mode (Fig. 1c), four sinusoidal
beams and one opposite-sense bending shell can be used to char-
acterize the deformation of the unit cell. According to Egs. (1)
and (2), the deflection § and torsion angle ¢ of the top beam can
be calculated using the following relations:

® = @ sin(2mx/1),0 <x <1

3 = dmaxSiN(27x/1),0 < x < |

3)
(4)

where Jmax and @, are the maximum out-of-plane deflection
and maximum torsion angle, respectively. Furthermore, the
opposite-sense bending shell is a cylindrical shell, and so, accord-
ing to the theory of plates and shells, its elastic strain energy gen-
erated by the opposite-sense deformation is given by
Us_s = 82X (A, AK,,)(MX.,MJ,)T (for details, see SI Appendix, Note
5), where Ak, = 1/r and Ak, = 1/R; are the variations in curvature
along the transverse and longitudinal principal directions, respec-
tively (see Fig. 1c), and M, and M, are the driving moments of
the opposite-sense bending shell (Wang and Wang, 2018). The
total potential energy of the symmetric buckling mode in the unit
cell is given by Ils = Ug_s + Ur_s — Wg_s + Us_s, where Up_s is the
total bending energy of the sinusoidal beam, Ur_s is the total tor-
sion energy, and Wg_s is the total work done by the external load-
ing. The critical buckling force of the symmetric buckling mode can
again be obtained by minimizing the total potential energy with
respect to dmax and @.,: 0I1s/00max = 0 and dI1s/d¢,,,, = 0.

¢ = Prapsin2mx/1),0 <x <1

3. Initial in-plane response and onset of buckling

The stress—strain curve in Fig. S1c (see stage I in SI Appendix,
Note 1) shows that the response of an ultrastretchable kirigami
metastructure is initially linear. In-plane deformation can guaran-
tee an initial stiff regime. To obtain insight into geometry-
dependent effects involving large curvature of kirigami metastruc-
tures, closed-form analytical results for prebuckling mechanical
quantities are first derived using LCCB theory, Castigliano’s theo-
rem, and the Moore integral method, as detailed in SI Appendix,
Note 2. The flexibility and normalized flexibility are particularly
important mechanical indices. The flexibility is defined as the ratio
between the effective displacement 26, and the external loading F
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Fig. 1. (a) Schematics of kirigami metastructures together with their geometric parameters (width o, length of arm [, spacing length m, arc radius R, thickness t, and number
of unit cells s): Kirigami-1 (left), Kirigami-2 (middle), and Kirigami-3 (right). (b) Experimental image of the antisymmetric buckling mode of the kirigami metastructure under
stretching. The metastructure can be described in a simplified manner in terms of a sinusoidal beam pattern and an antisymmetric geometry (with the out-of-plane deflection
d¢s and torsion angle ¢,). (c) lllustration of the symmetric buckling mode of the kirigami from experimental observation. Based on the symmetric geometry (with out-of-
plane deflection d,s and torsion angles ¢, and ¢,) and the features of the deformation, the behavior of the kirigami unit cell under stretching can be characterized in terms of
four sinusoidal beams and one opposite-sense bending shell with certain geometric parameters, namely, the curvatures x, and x, along the transverse and longitudinal
principal directions and the central angle 6 of the cylindrical shell with radius Rs.

Kirigami-1 B Kirigami-2 g Kirigami-3 s

Fig. 2. Effects of geometric parameters (¢t = aw, f, 7, and 1) on flexibility and normalized flexibility obtained using LCCB theory for ultrastretchable metastructures of (a)
Kirigami-1, (b) Kirigami-2, and (c) Kirigami-3.
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Fig. 3. (a-c) Effects of o on the critical buckling strain for Kirigami-1, Kirigami-2, and Kirigami-3, respectively, for different values of the geometric parameters g, /7y, /21,
and s. (d-f) Ratio of critical buckling strain to o versus f in Kirigami-1, /7 in Kirigami-2, and /21 in Kirigami-3, respectively, for various values of s (the unit cell number).
(g-i) Phase diagrams obtained from numerical calculations demonstrating the variations in buckling configurations of Kirigami-1, Kirigami-2, and Kirigami-3, respectively, as
the values of s and the geometric parameters g, $/y, and /2y are varied. (j-1) Numerical snapshots of kirigami metastructures for Kirigami-1, Kirigami-2, and Kirigami-3,
respectively, at the critical buckling strain, where the color bars represent the out-of-plane displacement Us.

and can be calculated as f; = 25, /F, where i = 1, 2,3 can represent
the Kirigami-1, Kirigami-2, and Kirigami-3 configurations. The
flexibility of a defect-free straight ribbon of length m + 2R + 2n
(i.e., the unit cell length of the kirigami metastructure) and
cross-sectional area A is given by (m + 2R + 2n)/(EA), where E is
Young’s modulus and v is Poisson’s ratio. Therefore, the normalized
flexibility (i.e., the effective flexibility of the kirigami metastruc-
ture normalized by that of a defect-free straight ribbon of the same
end-to-end length in the unit cell) can be calculated as
fn_i = 2EAS,/F(m + 2R+ 2n). Through the energy approach, the
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flexibility and normalized flexibility are calculated in terms of
the geometric parameters using the following relationships:

fi =fi(t. B,EV) ()
fo=£5(t.8,7,E,) (6)
f3 =3t B,n.(n),E,v) (7)
far =Fua(BV) (8)
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Fig. 4. (a-c) Numerical predictions of optical images of deformed configurations for Kirigami-1, Kirigami-2, and Kirigami-3, respectively. The color bars represent the out-of-
plane displacement normalized by length L. (d-f) Normalized stretchability versus the geometric parameter § based on experimental, experimental, and FEM results for
Kirigami-1, Kirigami-2, and Kirigami-3, respectively. (g-i) Scaling laws of the maximum tensile strain &x,x, which is proportional to (g) the square root of the applied strain ¢,
(h) the reciprocal of 8, and (i) a. (j-1) Scaling laws of the elastic stretchability &;, which is proportional to (j) sfz, (k) #%, and (1) 1/22. (m-o0) Scalability validation of the proposed
theoretical framework using fluorescent polymer kirigami with large thickness via theories, experiments, and simulations: (m) elastic stretchability versus g; (n) distribution
of the elastic stretchability with respect to the dimensionless parameters /R and I/2R; (o) distribution of &,_nonbucking With respect to the dimensionless parameters w/R, I/2R,
and n/R.

97



Y. Wang and C. Wang
fn—2 :fn—Z(ﬁ'/ yv V)

fn—3 = fn—3(ﬁv 7’1’](7])’ V)

n— 1/1n(§3ﬂ) in Egs. (7) and (10) is associated
with LCCB theory. The explicit forms of Egs. (5)-(10) are given in
SI Appendix, Note 3: see Eqs. (A16)-(A21). Fig. 2a-c show the
geometry-dependent flexibility and normalized flexibility obtained
using the closed-form analytical results from Egs. (5)-(10). Over
the whole domain, it is obvious that with decreasing kirigami
thickness, the flexibility increases for given material properties
and geometry. It can also be seen that both the flexibility and nor-
malized flexibility increase monotonically with g (for the detailed
functional relationships, see Egs. (A16)-(A21)), i.e., a larger g will
produce greater flexibility and normalized flexibility. More impor-
tantly, a significant long-arm effect plays an important role in
enhancing the normalized flexibility by several orders of magni-
tude. For example, as shown in Fig. 2¢, in the case of Kirigami-3
with geometric parameters = 10 and y = 5, the normalized flex-
ibility is increased by 125 times compared with that of the defect-
free thin film. These results are consistent with the experimental
observations of ultrahigh flexibility of kirigami metastructures
based on graphene (Blees et al., 2015), multifunctional kirigami
composites (Shyu et al., 2015), kirigami polarization modulators
(Choi et al, 2019), kirigami-inspired conducting nanosheets
(Guan et al., 2018b), and programmable kiri-kirigami metamateri-
als (Tang et al., 2017) during initial in-plane deformation (Isobe
and Okumura, 2016). The most important conclusion to be drawn
from Fig. 2a-c is that not only do contour graphs give us more con-
crete results than closed-form analytical expressions but they do
so for wider ranges of the geometric parameters, which suggests
that enhancement of the normalized flexibility by more than sev-
eral orders magnitude can be achieved by using simple kirigami
designs instead of defect-free thin films.

The stress-strain curve presented in Fig. S1c (see stage II in SI
Appendix, Note 1) also shows that kirigami metastructures (such
as that with o = t/w = 1/50) are characterized by a sudden tran-
sition from initially linear behavior to a plateau stress (Rafsanjani
and Bertoldi, 2017). This results from out-of-plane buckling of
straight beams in the kirigami. As the applied loading increases
to a critical value, out-of-plane buckling occurs, and hinge behavior
becomes energetically less costly than in-plane deformation (An
et al., 2019; Rafsanjani and Bertoldi, 2017). From the energy
approach (for details, see SI Appendix, Notes 4-6), it is found for
the antisymmetric and symmetric buckling modes of the kirigami
metastructures that the critical buckling forces can be written in

the uniform form F. = (cot3 \/EG> / Xl-z. where x is a function that

depends on the boundary conditions, characteristic length, and
buckling modes, and [; = p;l is a characteristic length, which is
related to the design variables p; and the length | of the tailored
vacancy. For example, in the case of the antisymmetric buckling
mode for Kirigami-1, y = y, is equal to 3/%* and [; =1; = (for
details, see SI Appendix, Note 4). By combining the stress—strain
expressions for the prebuckling process (for details, see SI Appen-
dix, Note 2) and the critical buckling forces, the following equa-
tions can be obtained, which can be solved to give the critical
buckling strains €q_1, &_2, and &_3:

9)
(10)

where j(1)

Eer-1 = &cr-1 (OC, ﬂ7 X1 (ﬁ)?v) (]])
Eer—2 = &2 (O(, ﬁ?% Xz(ﬁ)ﬂ)) (]2)
-3 = Ear3 (% B.0.JOD) 15(8).V) (13)

The explicit forms of Egs. (11)-(13) are provided in SI Appendix,
Note 7: see Eqs. (B23)-(B28).
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The commercial FEM package Abaqus/standard is used to vali-
date Eqgs. (11)-(13) for various values of the geometric parameters
a, B, 7, and # (for details, see SI Appendix, Note 13). The kirigami is
assumed to be made of Kent paper, a high-quality paper with fine
texture, used mainly for drafting (Isobe and Okumura, 2019).
Fig. 3a-f show the effects of representative geometries on the crit-
ical buckling strain. Generally speaking, the FEM results are in
excellent agreement with those obtained from the theoretical
expressions for the critical buckling strain. Fig. 3a-c display the lin-
ear relationship, with the critical buckling strain being propor-
tional to the square of the thickness-to-width ratio (i.e., ?). In
other words, with increasing o, the critical buckling strain
increases, indicating that a larger value of « always hinders the
onset of out-of-plane deformation for kirigami metastructures.
The contribution of the thickness-to-width ratio to the critical
buckling strain is consistent with previous experimental observa-
tions, such as those for hybrid kirigami metastructures (Hwang
and Bartlett, 2018), geometry-dependent planar ribbon kirigami
(Wang et al., 2020), kirigami-based wide-angle diffraction gratings
(Xu et al., 2016), and high-performance stretchable heaters based
on kirigami patterning (Jang et al., 2017). Moreover, preliminary
inspection of Egs. (11)-(13) suggests that their complexity makes
it difficult to determine the effects of g, y, and # on critical buckling
strain. Therefore, we plot these expressions together with the
results of FEM calculations in Fig. 3d-f. It can be seen that the ratio
of critical buckling strain to o decreases asf (see Fig. 3a and d for
Kirigami-1), p/y (see Fig. 3b and e for Kirigami-2), and /27 (see
Fig. 3c and f for Kirigami-3) increase. Also, for all cases shown in
Fig. 3a-f, the ratio of critical buckling strain to o varies less
strongly when g > 4, 8/y > 4, and /25 > 4. In particular, there is
a less significant reduction of critical buckling strain due to
increasing f/2# in Kirigami-3. There is thus much evidence to indi-
cate that the use of a kirigami design represents a desirable
approach to regulating the onset of buckling (or critical buckling
strain) in metastructures.

The critical buckling mode determines the subsequent deforma-
tion paths in the postbuckling regime (Zhang et al., 2013). From an
examination of buckling modes through numerical simulations, it
is apparent that the critical buckling mode with the minimum
strain energy is strongly influenced by the geometric parameters
B (see Fig. 3g for Kirigami-1), 8/y (see Fig. 3h for Kirigami-2), and
B/2n (see Fig. 3i for Kirigami-3), as well as by the number of unit
cells s, whereas it is almost insensitive to the thickness-to-width
ratio « (e.g., o = 1/50) in the current study. To help provide a bet-
ter understanding of the stability of kirigami metastructures, we
present in Fig. 3g-i phase diagrams of critical buckling modes,
obtained from numerical calculations. It can be seen that variations
in buckling configurations are closely related to the antisymmetric
mode and symmetric buckling mode as g (for Kirigami-1), g/y (for
Kirigami-2), /25 (for Kirigami-3), and s are varied. Obviously, the
critical buckling modes are geometry-dependent. For example, in
the case of Kirigami-3, the symmetric buckling mode occurs only
when s =1 (i.e.,, the kirigami metastructure has one unit cell)
and 8/2n = 1, whereas the antisymmetric buckling mode can occur
when s > 1 and /27 > 1 for all the other buckling cases. Fig. 3j-1
present numerical snapshots of buckling modes for different
geometries (different values of 8, 8/7, 3/2#, and s) at the critical
buckling strain, with the color bars representing the out-of-plane
displacement Us. To better understand the geometric parameters
controlling the buckling behaviors observed in numerical simula-
tions, representative deformation patterns of Kirigami-3 can be
directly demonstrated. For Kirigami-3 with s=1 and /2n =1,
the symmetric buckling mode occurs and corresponds to vertical
displacement of the kirigami, while the out-of-plane displacement
is symmetric about its transverse axis. The beam regions at the top
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and bottom are partially deflected toward the out-of-plane direc-
tion, and the end regions of the kirigami undergo rigid body trans-
lation along the direction of external loading (for details, see
Fig. 31). For the case 8/2n > 1 (e.g.,s = 2 and /25 = 7 in Fig. 31),
two sinusoidal beams in the unit cell can deform vertically up
and down, and the out-of-plane displacement is antisymmetric
about its transverse axis. The end regions at the top and bottom
undergo a pair of antisymmetric out-of-plane displacements
(shown in red and blue in the figure). As we demonstrated in Sec-
tion 2, a kirigami in the antisymmetric configuration undergoes
significant twisting and bending (for details, see Fig. 31), and there-
fore deformation energy here results mainly from Up_, induced by
bending deformation, and Ur_4 from torsional deformation. Based
on these findings, it is noteworthy that an increase in the external
loading cannot lead to qualitative variations in the pattern of out-
of-plane deformation, but only to its accentuation. Therefore, in the
next section, we investigate the postbuckling process and provide
insights into the stretchability and normalized stretchability of kir-
igami metastructures.

4. Postbuckling response and stretchability

When the applied strain exceeds the critical buckling strain, kir-
igami metastructures can easily undergo out-of-plane buckling,
since this consumes less energy than in-plane deformation. Here,
we examine postbuckling responses closely connected with
antisymmetric and symmetric buckling modes, and we develop
scaling laws for the maximum tensile strain, elastic stretchability,
and normalized stretchability. Fig. 4a—c compare experimental and
numerical deformations associated with antisymmetric and sym-
metric buckling modes for a wide range of applied strain (e.g., up
to 174% for Kirigami-3). The examples of kirigami metastructures
in Fig. 4a-c were fabricated using laser cutting. Generally, the post-
buckling responses from numerical calculations are consistent
with experimental results. In particular, in the case of symmetri-
cally deformed Kirigami-3 (s =1 and /25 = 1), the top and bot-
tom beams both undergo combined bending and twisting
deformations as the applied strain increases from 4.3% to 11.3%
(see the experimental and numerical snapshots in Fig. 4c). In the
case of antisymmetric kirigami, neighboring beams undergo
antisymmetric deformations during the postbuckling process, as
is evident in the snapshots of Kirigami-3 from 65% to 174% (see
Fig. 4c, s =7 and f/2n = 6). For significant deformation (e.g., with
& > 174%), a distinct region of final stiffening (followed by rupture
propagation) can be observed experimentally. This corresponds to
a switch in the deformation mechanism from hinge behavior
involving bending (and twisting) to stretching (An et al., 2019).
Moreover, a similar response is visible in Fig. S1c (see stage IIl in
SI Appendix, Note 1). These observations confirm the importance
of developing a theoretical framework to describe the behavior of
ultrastretchable kirigami with the aim of providing design guideli-
nes for practical applications.

Here, we start by deriving a relationship between geometric
parameters and the maximum tensile strain in kirigami metastruc-
tures, and we then present scaling laws for the elastic stretchabil-
ity and normalized stretchability for Kirigami-1, Kirigami-2, and
Kirigami-3. For a kirigami of rectangular cross section (e.g., with
t/w << 1), the maximum tensile strain in the region of repeatable
deformation, under the assumption of extreme points at the two
ends of each kirigami beam, is given by the sum of the bending
strains at the onset of buckling and at postbuckling:
t|(Aky)

max }

Folw
4EL, 2

Emax = & + Spost = (]4)
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where (Ak,),_ .. = 4m25ma /I (see SI Appendix, Note 5),
Smax = CIVE (i.e., &~ (3max/D)% and C is the prefactor for Euler-
type buckling), and F., = wt*vVEG/ (lez) (see SI Appendix, Note 6,

Eq. (B20)). Therefore, the maximum tensile strain in the postbuck-
ling kirigami can be expressed as

o [ 3V2a
TR\ 2VT Ry

where the strain at the onset of buckling is taken to be given by
its approximation for t/w << ¢ and it should be noted that ® is
geometry-dependent. Next, we define the normalized stretchabil-
ity, which can be expressed as

+ 2c;:%/§> - @ﬁ% (15)

& ;

(16)

8 £f Emax
where & and ¢ are respectively the elastic stretchability and
intrinsic failure strain of the material. The failure criterion for the
kirigami that we use here is &nax = &. For example, & is the corre-
sponding rupture strain for brittle materials. The combination of
Egs. (15) and (16) then gives the following expression for deter-
mining the elastic stretchability of the buckling kirigami:

2

& = Zef % (17)

where = = (1/@)2. Inspection of Eq. (17) shows immediately

that the relations between the elastic stretchability and the key

geometric parameters are nonlinear and that 9e/98 > 0,

9¢gs/0o < 0, and 9¢,/dgr > 0, i.e., that & increases with increasing
p and ¢, and with decreasing o.

Based on theoretical analysis, experiments, and FEM simulation,
Fig. 4d-1 illustrate the effects of geometric parameters (i.e., «, p,
and s), applied strain ¢, and intrinsic failure strain & on the normal-
ized stretchability &, maximum tensile strain &m.,x and elastic
stretchability &,. Fig. 4d-f present comparisons of theoretical solu-
tions, experimental results, and FEM simulations for the normal-
ized stretchabilities of specific kirigami metastructures, namely,
Kirigami-1, Kirigami-2, and Kirigami-3. In particular, in the case
of Kirigami-3 with s =1 and o = 1/30 (Fig. 4f), the experimental
and FEM results show good agreement with the theoretical solu-
tions. The so-called long-arm effect can increase the normalized
stretchability by as much as an order of magnitude, partially as a
consequence of the low-level stress concentration on the arc. These
results allow the first quantitative analysis of kirigami stretchabil-
ity, and indicate that previous kirigami designs based solely on
practical experience have not always been able to provide
improved stretchability. However, some ultrastretchable devices
have been constructed, such as metastructures based on kirigami
conductors with 2000% stretchability (Guan et al., 2018b), ultra-
stretchable kirigami bioprobes (Morikawa et al., 2018), and Kiri-
gami actuators (Dias et al., 2017).

To explore the postbuckling properties in terms of the maxi-
mum tensile strain, Fig. 4g-i plot en.x versus applied strain ¢ and
the geometric parameters o and f for Kirigami-3. The curves in
these three figures are all clearly monotonic, with the maximum
tensile strain being proportional to the square root of the applied
strain (see Fig. 4g), to the reciprocal of g (see Fig. 4h), and to o
(see Fig. 4i). These results indicate that with a well-designed Kiri-
gami instead of a defect-free thin film, the maximum tensile strain
can be substantially reduced, opening the way to a range of novel
applications, including modulation of the stretchability of intrinsi-
cally brittle materials in extreme environments.

Fig. 4j-1 reveal the dependence of the elastic stretchability on
the intrinsic failure strain and on the geometric parameters. As
can be seen from Fig. 4j, the elastic stretchability increases with
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increasing intrinsic failure strain, with & being proportional to s]%
Fig. 4k and 1 respectively indicate that a larger g and a smaller «
will generate greater elastic stretchability of &. It is noteworthy,
however, that the elastic stretchability is essentially independent
of the number of unit cells for s > 2. Fig. 4k and 1 also show respec-
tively that & is proportional to 2 and to 1/«2, which is consistent
with our experimental results.

In practical applications, novel physical devices based on Kkiri-
gami metastructures require tunable deformations to maintain
their performance. The above theoretical, experimental, and FEM
results, taken together, allow straightforward optimization in the
design of kirigami metastructures for successful application in
ultrastretchable mechanical (Blees et al., 2015; Dias et al., 2017;
Rafsanjani and Bertoldi, 2017; Zhao et al., 2018), electrical (Guan
et al., 2018a, 2018b; Ma et al., 2018; Wang et al.,, 2017; Wu
et al,, 2016), and optical (Lamoureux et al., 2015; Tang et al.,
2017; Xu et al., 2016) devices.

As a basis for further investigation and validation of the scala-
bility of the proposed theoretical framework, we demonstrate the
effects of geometry on the normalized stretchability &, nonbuckiing
for the fluorescent polymer-based Kirigami-3 with large thickness.
All of our polymer-based kirigami metastructures are fabricated by
3D printing, and out-of-plane buckling is suppressed (the
thickness-to-width ratio is equal to 10). In Fig. 4m-o, the results
for &n_nonbuckiing from theoretical solutions, FEM calculations, and
experiments (for details, see SI Appendix, Note 8) are plotted as a
function of the dimensionless parameters S (Fig. 4m), w/R and
1/2R (Fig. 4n), and w/R and n/R (Fig. 40). Larger values of 8 and
/2R, and smaller values of n/R and w/R, lead to greater normalized
stretchability. It is evident from Fig. 4m that the values of the nor-
malized stretchability of the fluorescent polymer-based kirigami
from experiments and FEM calculations are in surprisingly good
agreement with the theoretical prediction, confirming that pro-
posed theoretical framework using the energy approach and LCCB
theory is highly effective and accurate in providing insights into
the mechanically guided design of kirigami metastructures.

Finally, we note that many potential applications of buckling-
induced kirigami are closely related to their out-of-plane mechan-
ical properties. The out-of-plane stiffness varies as a function of the
in-plane applied strain. As detailed in SI Appendix, Note 9, it is pos-
sible to make theoretical predictions of the out-of-plane stiffness of
kirigami metastructures. The nonlinear normal force (Cao and Gao,
2019) stems from bending and pre-tension due to in-plane applied
strain and nonlinear stretching effects (for details, see Eq. (C3) in SI
Appendix, Note 9). For postbuckling kirigami, in the case of a small
equivalent deflection, the out-of-plane stiffness can be expressed
as a continuous function (for details, see Eq. (C9)). The remarkable
postbuckling deformations of kirigami metastructures upon
stretching can be partially explained in terms of the equivalent
thickness and equivalent width using the standard deviation of
the z and x coordinates (Wang et al., 2019). These hypotheses
are confirmed by the numerical calculations, and the FEM results
show good agreement with the theoretical solutions. It should be
noted that the out-of-plane stiffness increases with increasing in-
plane applied strain (for details, see Fig. S5b in SI Appendix, Note
9), which is in line with previous findings with regard to
buckling-induced kirigami (Rafsanjani and Bertoldi, 2017).

5. Illustrative applications to mechanical programmability and
energy harvesting

The results presented above should facilitate the development
of programmable and functional devices that can simultaneously
achieve ultrahigh flexibility and stretchability as well as steady
device performance. Fig. 5 shows results for an ultrastretchable
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polyvinylidene fluoride (PVDF) kirigami integrated with a hybrid
structural design, which holds promise for practical applications
in energy harvesting. As a demonstration, we consider a specific
programmable PVDF kirigami (Kirigami-3-hybrid) embedded in
three different patterns/substructures (A, B, and C) with
B/2n = 2, B/2n = 3, and B/2n = 4, respectively (i.e., the sub-
structures A, B, and C can be characterized using the geometric
parameters f/2n = 2, /2y = 3, and f/2n = 4, respectively). To
obtain the flexibility (for details, see SI Appendix, Note 10), we first
revisit the stress—strain relation (for details, see SI Appendix, Note
2). Then, the combination of Eq. (A15) from SI Appendix, Note 2,
eyl = %eal +begl +SecL (according to Eq. (D4) from SI Appendix,
Note 10)) and %: = J%;‘ = }%5 = }f (according to Eq. (D5)) gives the fol-

lowing expression for the flexibility f}; of a programmable kirigami
with hybrid structures:

:afA+bf3+Cfc
S

fu (18)

where f,, fg, and f are the flexibilities of the respective sub-
structures, and a, b, and c are the unit cell numbers corresponding
to substructures A, B, and C, respectively. The following expres-
sions for the critical buckling strain ¢y_o and elastic stretchability
éy_s of a programmable hybrid kirigami can be obtained in a sim-
ilar manner:

a b c
EH-cr = —&A-cr + =B + =& 19
H—cr S A—cr S B—cr S C—cr ( )
a b c
Ey_s = ; A—s + EgB—s + EEC—S (20)

where &4_, €4_¢r, and &c_ are the critical buckling strains of the
respective substructures, and &, 5, €3_5, and &c_s are their elastic
stretchabilities. Fig. 5a-c show the effects of a, b, and c on the flex-
ibility fy, critical buckling strain ey ., and elastic stretchability
ey_s. In brief, for a hybrid kirigami metastructure with given unit
cell numbers a and b, a larger value of ¢ will generate larger &y
and smaller &y . Interestingly, a domino-like buckling effect
occurred during our experimental observations (see Fig. 5f and,
for details, SI Appendix, Note 11) and numerical calculations. In
this effect, successive buckling of neighboring sections is triggered
and leads to contraction of the kirigami. This happens because suc-
cessive transitions of deformation energy in neighboring elements
are sufficient to maintain a relatively stable energy level.

Based on these findings, a PVDF thin film with a cut pattern that
is subject to a given applied strain can be designed. To understand
the effect of electromechanical conversion, we examine the

response of the normalized sensitivity T of the PVDF kirigami
embedded into different geometries, with this response being cap-
tured using the partial derivative of the maximum output voltage
®,..x under an open circuit with regard to the applied strain ¢. Here,

the normalized sensitivity Tis given by
d31Et

=

where d3; and es; are the piezoelectric coefficient and dielectric
constant, respectively. As can be seen from Fig. 5d (Kirigami-1),
with increasing applied strain, the electric charge output is mono-
tonically increasing, and our FEM calculations are in good agree-
ment with the results of previous experiments (Hu et al., 2018).
Fig. 5e shows the dependence of the normalized sensitivity on
the applied strain for different samples of Kirigami-3 (with

B/2n =3,4,5,6, respectively). The normalized sensitivity T
remains almost unchanged during the entire process of stretching

aq)max
e

T= (21)
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Fig. 5. (a-c) Distributions of flexibility, critical buckling strain, and elastic stretchability, respectively, with respect to substructure unit cell numbers q, b, and c in hybrid
Kirigami-3. (d) Comparison of experimental (Hu et al., 2018) and FEM results for the electric charge output of PVDF Kirigami-1. (e) Effect of applied strain on normalized
sensitivity for different geometries (8/2n = 3 to /21 = 6), revealing how the final stiffening can significantly enhance the normalized sensitivity. (f) Normalized output
voltage of a programmable electromechanical PVDF kirigami. The normalized output voltages for substructures A, B, and C are plotted using green, brown, and black lines. The
domino-like buckling of the PVDF kirigami is also sketched (for details, see SI Appendix, Note 11). (For interpretation of the references to color in this figure legend, the reader

is referred to the web version of this article.)

for large /27, ie., /2n =5 and B/2n = 6. However, the effect of
electromechanical conversion is amplified for smaller /25, such
as B/2n = 3. This indicates that the final stiffening regime (see
Fig. 5e and S1c (stage Il in SI Appendix, Note 1)) can significantly

enhance the normalized sensitivity of T. Fig. 5f presents a design
strategy for an electromechanical PVDF kirigami together with
the normalized voltage output ®gymu/Pmax versus the applied
strain for substructures A, B, and C. It can be seen that the normal-
ized output voltages for A, B, and C are distinctly different, which
ensures the programmability of the electromechanical properties
of the device. Moreover, unidirectional and fractal kirigami meta-
materials have been developed based on rigid unit rotation (Fang
et al.,, 2018; Tang et al., 2015). To obtain a better understanding
of the electromechanical conversion effect, we consider the nor-
malized sensitivities of kirigami metastructures and unidirectional
and fractal kirigami metamaterials (see SI Appendix, Note 12). It
has been found that these normalized sensitivities remain almost
unchanged during the linear response and quasilinear response
stages (Fang et al., 2018). In the third stage, the deformations of
the three kirigami configurations are somewhat localized near
the tips of the cuts, leading to hardening of the mechanical
response, enhancement of the normalized sensitivity, and finally
to rupture (Isobe and Okumura, 2016). It is noteworthy that the
PVDF material we used here can be replaced by other functional
materials that are widely used in biomedical devices, stretchable
electronics, and energy harvesting.

6. Conclusions

The work presented here, through theoretical analysis, experi-
ments, and FEM calculations, has, for the first time, provided a sys-
tematic description of prebuckling response, critical buckling
strain, and postbuckling behavior of various kirigami metastruc-
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tures. The highly accurate closed-form analytical solutions and
scaling laws obtained provide insights into mechanically guided
kirigami design. The excellent accuracy and scalability of the pro-
posed theoretical framework have been comprehensively demon-
strated using the energy approach, numerical simulations, and
tensile experiments. Our study reveals that the remarkable long-
arm effect can enhance the normalized flexibility and normalized
stretchability by one or two orders of magnitude (by > 125 times
and > 50 times, respectively). Theoretical, experimental, and
numerical results reveal typical antisymmetric and symmetric
buckling modes and the dimensionless geometric parameters «,
B, 7, and 5 that control their onset. Details of the postbuckling
deformations for both modes as well as their dependences on the
maximum tensile strain and elastic stretchability have been uncov-
ered via theoretical analyses, experiments and simulations. The
out-of-plane stiffnesses of kirigami metastructures are found to
be closely related to the buckling surface and in-plane applied
strain. Based on these findings and a programmable design strat-
egy, an ultrastretchable PVDF kirigami integrated with a hybrid
structure can be constructed, which possesses stable electrome-
chanical features associated with domino-like buckling effects. In
summary, we have provided a theoretical basis for understanding
the physics of buckling and thereby facilitating the development
of ultrastretchable kirigami-based structures. The results obtained
here expand the design space of kirigami structures and hold great
promise for their application to programmable metastructures and
metamaterials and to energy harvesting devices.
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