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A B S T R A C T   

This paper proposes a flexible kirigami structure. It has rotating rigid squares and cylindrical shells to improve 
the flexibility of the structure and produce snap-through instability. First, a mechanical spring model based on a 
quarter of unit cell was established to predict the mechanical characteristics of its deployment. The elastic 
deformation energy stored in the mechanical system was calculated, and the applied force was obtained after 
deriving the displacement. By assuming that the rotational stiffness of the spring is related to the length, elastic 
modulus, and thickness of the cylindrical shell, the coefficients used to quantify the stiffness of the rotational 
spring were obtained through a finite element calculation and the mechanical characteristics of the structure 
were obtained. The accuracy was verified through experiments and the finite element method. Then, the 
deployment mechanism and parameterization of the structure were analyzed. The snap-through characteristics of 
the cylindrical shell were analyzed, and the curvature of the second steady state was obtained using the mini-
mum potential energy. The influence of the geometric parameters of the unit cell, such as its length, thickness, 
and the center angle of the cylindrical shell, on the snap-through instability was analyzed. By stretching or 
compressing it at different positions, different mechanical characteristics of the deployment were obtained. 
Finally, based on the designed structure, a stretchable microstrip antenna was designed to achieve high gain 
while the center frequency remained fixed. An antenna was fabricated and measured, and the test results are in 
good agreement with the simulated results. This work may provide theoretical guidance for the design and 
application of deformable structures.   

1. Introduction 

Kirigami, the creative art of paper cutting and folding, and the tes-
sellations derived from the resulting shapes have recently emerged as 
prototypical routes for fabricating a new class of mechanical meta-
materials [1–6]. The source material can be conveniently cut when flat 
and then transformed into complex 3D configurations upon stretching 
by exploiting local elastic instabilities [7–14]. Kirigami shapes consist-
ing of square unit cells can have a negative Poisson’s ratio and provide a 
route for forming complex 3D structures [15–19]. Such a unit cell is cut 
from a paper square without folds and is manually stretched until it 
arrives at a maximum opening angle. It is then in a maximally stretched 
state that cannot be further stretched or rotated due to its infinite 

stiffness, beyond which the hinge will break [20,21]. Although signifi-
cant progress has been achieved, there are still some scientific chal-
lenges that need to be addressed in the development of kirigami 
structures with thick panels, since continuous external energy is 
required to preserve the structural configuration [22–26]. Therefore, 
cylindrical shell is often placed at the hinge position to improve the 
stiffness of the structure and obtain snap-through characteristics 
[27,28]. Due to its unique deformable characteristics, such as twisting 
and rotation, the structure described in this paper has a rich set of me-
chanical properties, such as tensile strength, toughness, stiffness 
[29,30]. 

Moreover, the development of deformable stealth aircraft has 
attracted much attention [31,32]. Metasurfaces have significant 

* Corresponding author. 
E-mail address: wangcg@hit.edu.cn (C. Wang).  

Contents lists available at ScienceDirect 

Composite Structures 

journal homepage: www.elsevier.com/locate/compstruct 

https://doi.org/10.1016/j.compstruct.2022.115879 
Received 28 February 2022; Received in revised form 21 April 2022; Accepted 12 June 2022   

mailto:wangcg@hit.edu.cn
www.sciencedirect.com/science/journal/02638223
https://www.elsevier.com/locate/compstruct
https://doi.org/10.1016/j.compstruct.2022.115879
https://doi.org/10.1016/j.compstruct.2022.115879
https://doi.org/10.1016/j.compstruct.2022.115879
http://crossmark.crossref.org/dialog/?doi=10.1016/j.compstruct.2022.115879&domain=pdf


Composite Structures 296 (2022) 115879

2

potential for wavefront manipulation, and their fabrication is less 
complex [33,34]. However, structural modification is generally chal-
lenging once the metamaterials or metasurfaces have been fabricated, 
rendering them functionally nonreconfigurable. Reconfigurable meta-
materials could be designed to achieve dynamic control over some 
physical properties, allowing one metadevice to realize multiple func-
tions [35–38]. Kirigami, by making cuts in a thin sheet, can be employed 
to design highly stretchable and morphable mechanical metamaterials 
[39–42]. 

The rest of this paper is organized as follows. First, a flexible kirigami 
structure is presented. Then, a theoretical model is developed to predict 
the deployable behavior and snap-through mechanism. Third, the 
deployment mechanism and parameterization of the structure are 
analyzed. Finally, a stretchable microstrip antenna is designed to ach-
ieve high gain while the center frequency remains the same. This paper 
provides reference for the development of kirigami structure and its 
application in stretchable microstrip antenna. 

2. Design strategy 

The unit cell of a kirigami structure is composed of square plates. 
Each square plates can undergo rotational motion, which can lead to a 
negative Poisson’s ratio. However, since the second stable state of the 
unit cell is always generated when square plate is rotated to nearly 90◦, 
it is difficult to control the snap-through instability of the structure. For 
this kind of kirigami structure, previous studies have assumed a rigid 
body at the crease and lacked mechanical degrees of freedom. The cy-
lindrical shell has a high relative energy, the stable large deformation 
sustaining load capacity, easy to prepare, the buffer impact load, the 
energy absorption, and vibration isolation, and so on. The cylindrical 
shell has a series of characteristics such as excellent mechanical prop-
erties, lightweight, high strength, and has a wide range of application 
prospects in smart deformation, energy collection, bionic and other 
fields. By adding a cylindrical shell to the local “hinge”, more degrees of 
freedom are introduced, increasing the bending stiffness at the crease. 
Through the partial cylindrical shell design, the curvature is introduced, 
which greatly expands the design space of the kirigami structure and 
greatly increases the overall flexibility. A flexible kirigami structure is 
proposed, as shown in Fig. 1. The unit cell of the flexible kirigami 
structure is a combination of square plates and cylindrical shells that 

have a stable configuration when they bent through some angle. When 
the unit cell is subjected to tension in the vertical direction, the four 
square plates rotate and the four interconnecting ligaments between 
each plate, which are the cylindrical shells, become bent. The cylindrical 
shells are arranged so that they can always bend in the direction of 
greater bending moment to make the snap-through phenomenon more 
obvious. 

The geometric parameters of the unit cell are shown in Fig. 1(c). The 
total length is LT. The thickness of a square is ts. The length of a cylin-
drical shell is 2 l, and its thickness is t. The angle between a square plate 
and the horizontal is defined as the deployment angle, denoted byθ. 

The unit cell can be stretched, compressed, bent, or twisted, and has 
multiple deformation modes, as shown in Fig. 1(d). The demonstration 
shows that the structure can undergo various deformations without 
breaking. An array of unit cells constitute a flexible kirigami structure, 
as is shown in Fig. 1(e). 

3. Nonlinear spring model 

A mechanical spring model consisting of a quarter of a unit cell was 
developed, as shown in Fig. 2(a). The model consists of a rigid square 
plate and two rotational springs. The size of the square plate is Ls × Ls. 
The constraints on points B and C are controlled by three movable 
supports (boundary conditions). Point B can rotate and move horizon-
tally but cannot move vertically. Similarly, point C can rotate and move 
vertically but cannot move horizontally. The vertical force FY is applied 
at point A so that the rigid square rotates clockwise. The inclination 
angle of AB is denoted by θ, which represents the rotation of the plate. 
The vertical displacement of point A is V. The angle θ is limited between 
0 and π /2 during the rotation [22]. 

As shown in Fig. 2(b), the cylindrical shells have length 2 l = 13 mm, 
diameter R1 = 6 mm, thickness t = 0.6 mm, and central angle β = 180◦. 
During bending of the cylindrical shell, the bending moment initially 
increases almost linearly until it reaches a maximum. Then, the bending 
moment instantly becomes smaller and tends to stabilize. The extreme 
value of the snap-through bending moment of the opposite-sense 
bending is greater than that of the equal-sense bending. The snap- 
through phenomenon is more obvious in opposite-sense bending. For 
deformation cloud diagram, the red indicates the maximum stress, and 
the blue indicates the minimum stress. The intermediate portion of the 

Fig. 1. (a) Folding and deployable rigid squares. (b) Cylindrical shell. (c) Flexible kirigami unit cell. (d) Demonstration of stretching, compressing, bending, and 
twisting. (e) Flexible kirigami structure formed from an array of four unit cells. 
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cylindrical shell is the largest, and the edge is minimal. The stress in the 
opposite-sense bending intermediate part is greater than the stress of the 
equal-sense bending intermediate part. 

Fig. 2(c) compares moment vs. rotation curves of cylindrical shells at 
different positions by finite element method (FEM). The interaction 
between rigid squares and cylindrical shells uses shell-to-solid coupling 
constraints, adding contact between components. The model is meshed, 
and rigid square uses a C3D8R unit, which features: 8-node linear brick, 
reduced integration, hourglass control, and the cylindrical shell is: 4- 
node doubly curved thin or thick shell, reduced integration, hourglass 
control, finite membrane strains. The snap-through instability intervals 
of the left and upper cylindrical shells relative to the angle θ are 
different. The snap-through curve of the structure is a non-linear su-
perposition of the two. If the length, thickness, etc. of the cylindrical 
shell are reasonable, then snap-through can be realized at any angle. 

The elastic deformation energy stored in the mechanical system is. 

W = Kθθ2 (1)  

whereθ = arcsin(V/Ls). The deformation energy W is a function of the 
vertical displacement V. The vertical force FY conjugated to V can then 

be obtained as. 

FY =
dW
dV

=
2Kθθ

Lscosθ
(2) 

FEM was used to simulate moment M vs. angle θ responses for 
various sizes of cylindrical shell, as shown in Fig. 2(d). The linear slopes 
correspond to the rotational stiffness Kθ. As the length increased, the 
stiffness gradually decreased. 

To apply the mechanical spring model to the unit cell, we need to 
quantify the stiffness of the rotational spring Kθ in terms of the 
geometrical parameters l, Ls, and b, and the material parameters (i.e., 
Young’s modulus E and Poisson’s ratio ν). We need to simulate one 
interconnect cylindrical shell to evaluate Kθ. The moment M at the 
square plate is applied and the rotation of the square plates is denoted by 
the inclined angle θ. Kθ is closely related to half of cylindrical shell size l. 
Through dimensional analysis, Kθ can be assumed to have the following 
form: 

Kθ = αiEbl, i = 1, 3, 5 (3)  

where E = 60 MPa is Young’s modulus, b is the out-of-plane thickness, 

Fig. 2. (a) Mechanical spring model representing a quarter of the unit cell. (b) Moment vs. rotation curves of a cylindrical shell. (c) Moment vs. rotation curves of 
cylindrical shells in different positions. (d) Moment vs. rotation curves of cylindrical shells with different lengths (10,12,15,20 mm). (e) Polynomial fit coefficients αi 
(i = 1, …, 5) vs. length. (f) Force vs. rotation curves in deployment. 
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and αi is a dimensionless coefficient to be determined. As shown in Fig. 2 
(e), the coefficient αi can then be obtained by fitting Eq. (3) against the 
results in Fig. 2(d). As expected, α is almost independent of l. 

Force vs. rotation curves for the deployment are shown in Fig. 2(f). 
The square length Ls = 50 mm, the thickness t1 = 6 mm, the half of 
cylindrical shelllength is l, and the thickness is t2 = 0.6 mm. a2 and a4 are 
the critical points of the snap-through instability. When the half length 

of the cylindrical shell was l = 10 mm, then a2 = 0.2041, and a4 = 0.29. 
Moreover, the theoretical and simulation results are in good agreement. 
For the difference between the results from FEM and theory model, the 
theory model simplifies the entire structure as a rigid body, the 
boundary conditions are directly characterized by the rotational stiff-
ness of the spring, and FEM considers the nonlinear deformation of the 
element at the boundary. Algorithm and element type of FEM will also 

Fig. 3. Test rig and specimens: (a) Test rig. (b) Bluehill monitor. (c) Testing a specimen. (d) Unit cells of designed structure. (e) Designed structure and platens 
with holes. 

Fig. 4. (a) Total strain energy of the cylindrical shell vs. kx for different 2 l (2 l = 40, 60, 80, 100, or 120 mm). Comparison of theoretical and simulation results for a 
cylindrical shell: (b) Moment and radius vs. thickness and (c) moment and radius of curvature vs.β. 
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affect the results. 

4. Deployment mechanism and parametric analysis 

The designed structure was fabricated by 3D printing using fused 
deposition modeling with a thermoplastic elastomer, polyurethane, 
which has excellent abrasion resistance and good elastic recovery. A 
stress–strain curve was obtained for the material. The material was 
tested experimentally to obtain the constitutive responses, which are 
needed as inputs for the finite element simulations. Its elastic modulus 
was 60 MPa, Poisson’s ratio was 0.3, and density was 1200 kg/m3. 

To investigate the mechanical properties of the designed structure, 
quasi-static tension experiments were performed with a uniaxial testing 
machine, as shown in Fig. 3(a). The loading rate was 1 mm/min under 
displacement control. The software interface was the Bluehill monitor 
[Fig. 3(b)], and it shows the variation of various mechanical parameters. 
Fig. 3(d) shows unit cells of different sizes. 

By swapping only the clamping head, the testing machine can stretch 
or compress a specimen [Fig. 3(c)]. To analyze the evolution of the 
structural configuration when the specimen was stretched, the force vs. 
displacement curve was measured as follows. Holes were punched in the 
corners of the squares at the top and bottom of the designed structure 
[Fig. 3(e)]. Platens with holes were made from polylactic acid, and they 
were connected to the structure by wires. The specimen was placed at 
the center of the lower platen. An upward displacement load was exerted 
on the upper platen with a constant velocity of 5 mm/min, and the re-
action force and displacement were measured [15]. 

A theoretical model of the bending of the cylindrical shell was 
established as follows. Since there is no torsion, it is assumed that the 
torsion curvature kxy = 0. 2 l is the longitudinal length of the structure. 
To make the cylindrical shell reach the second stable state from the 
initial state, either: (1) a bending moment My was applied to the two 
straight sides in the longitudinal direction to flatten the cylindrical shell 

and (2) a bending moment Mx was applied to the two lateral shell sides 
to make the cylindrical shell bend longitudinally. 

By summing the bending strain energy and tensile strain energy, the 
total strain energy of the cylindrical shell can be obtained as. 

U = Ub + Us =
2βR1l

2
Et3

12(1 − ν2)
[k2

x + 2νkx(ky −
1
R1
) + (ky −

1
R1

)
2
]

+
2lEt

2(1 − ν2)

[
βR1k2

x

2k2
y

+
k2

x sin(βR1ky)

2k3
y

−
4k2

x sin2(βR1ky/2)
βR1k4

y

] (4) 

In particular, ifky = 0, thenUs = 0 .whereE,ν, and t are the elastic 
modulus (small deformation), Poisson’s ratio, and thickness, respec-
tively. Here, R1 is the initial cross-sectional radius of the cylindrical 
shell, and β is the central angle corresponding to the arc of the initial 
cross section. 

The second steady state of the cylindrical shell corresponds to the 
minimum of the potential energy. In the second steady state, curvature 
ky ≈ 0. Using the principle of minimum potential energy, when the first 
partial derivative of the total potential energy U with respect to curva-
ture kx is 0, the curvature of the second steady state is. 

dU
dkx

= 0⇒kx =
D12

R1D11
=

ν
R1

(5) 

The radius of curvature of the second steady state isR2 = 1/kx. Let E 
= 60 MPa, u = 0.3, t = 0.1 mm, R = 20, 2 l = 40 mm, and center angle β 
= 180◦. Next, we will discuss the variable parameters. As shown in Fig. 4 
(a), the influence of different lengths (2 l = 40, 60, 80, 100, or 120 mm) 
on the strain energy is studied. The greater the length is, the greater the 
strain energy. 

As shown in Fig. 4(b) and 4(c), after applying the theoretical bending 
moment, the theoretical radius of the deformed cylindrical shell was 
basically consistent with the results of the FEM for different thicknesses 
and values of β. As the thickness increased, the bending moment of 

Fig. 5. (a) Applied force vs. displacement curve of a unit cell under tension. (b) Applied force vs. displacement curve of designed structure (array) under tension. (c) 
Applied force vs. displacement curve of the unit cell under compression. 
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deployment gradually increased and the strain energy gradually 
increased. With an increase ofβ, the bending moment of deployment 
increased linearly. The difference is mainly due to the fact that FEM 
considers the nonlinear deformation of the element at the boundary. 

Where and how the designed structure stretches depend on the po-
sition of the applied force. When the lower part is stretched, the snap- 
through instability is obvious. When the upper part is stretched, the 
snap-through instability occurs within a small displacement. 

A unit cell (5 test pieces) was stretched, and the force vs. displace-
ment curve was measured, as shown in Fig. 5(a). The total length LT =

43 mm, the thickness ts = 6 mm, the length of a square was 15 mm, the 
cylindrical shell length 2 l = 13 mm, and the thickness t = 0.6 mm. As the 
external force increased, the structure gradually deployed. At a certain 
deployment position, the snap-through instability occurred (green el-
lipse). Initially after the instability, less energy was required to make the 
structure bend. 

Fig. 5(b) shows the force vs. displacement curve during stretching of 
the structure (5 test pieces). It has the same snap-through performance 
as the unit cell, and the trends for the force vs. displacement curves of 
the two are basically the same. As the displacement increased, the 

Fig. 6. Morphological evolution for (a) unit cell and (b) the designed structure.  

Fig. 7. (a) Designed antenna at two deployment angles [34]. (b) Reflection coefficient vs. frequency of the antenna for different deployment angles.  
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external load gradually increased. When the critical force was reached, 
the curved shell underwent the snap-through instability (green ellipse). 

The force vs. displacement curve of the unit cell under compression is 
shown in Fig. 5(c). The force gradually increased in the early stage of 
compression. When the two vertical shells came into contact, the force 
increased linearly. 

Fig. 6(a) shows the configuration of a unit cell for different tensile 
loads. As the structure gradually deployed, it gradually reached the 
critical point for the snap-through instability. Before the snap-through 
instability, the model deployed mainly through the rotation of each 
square plate. After the snap-through instability, the model deployed 
mainly through the stretching of the left and right cylindrical shells. 

Fig. 6(b) is the morphological evolution for the designed structure. 
When a certain displacement was reached, the curved shell underwent 
the snap-through instability. The designed structure also has the same 
snap-through instability as the unit cell, and the trends for their force vs. 
displacement curves are basically the same. As the displacement 
increased, the external force gradually increased. 

5. The illustrative application to stretchable microstrip antenna 

A stretchable microstrip antenna was made with metasurfaces 
fabricated using the approach described above. The electromagnetic 
properties of the metasurfaces during the deployment process were 
studied with the method of moment (MoM). Mechanical drive or smart 
(shape memory polymer) drive method are used to realize the recon-
figurable/deformation function for the designed antenna. The essence of 
MoM is to transform a functional equation into a matrix equation, which 
is solved by matrix inversion or other methods for solving linear equa-

tions. The linear vector space sum operator is expressed asL(f) = g, 
where L is the differential or integral operator,f is the field or response, 
and g is the source or incentive. In MoM, the continuous equations are 
discretized into algebraic equations, and numerical methods are used to 
find approximate solutions. 

The designed microstrip antenna is shown in Fig. 7(a). The dielectric 
constant of the substrate, which was made from FR-4 epoxy glass cloth, 
was 4.58, the loss factor was 0.022, the side length w = 46.56 mm, the 
thickness was 1 mm, the copper thickness was 35 µm, and the overall 
size of the antenna was 80 mm × 80 mm. The length of the long side of 
the radiation patch was 14 mm, and the length of the short side was 13.8 
mm. The length of the unit cell L = 33 mm, and the length of the cy-
lindrical shell 2 l = 3 mm. The feed mode used was the bottom of the 
coaxial line. The feeding point was 3.8 mm away from the edge of the 
patch. The back of the antenna was a pure metal floor with a side length 
of 24 mm. The reason for retaining a part of the original metal floor in 
the center was to facilitate the feeding of the antenna. 

As shown in Fig. 7(b), the reflection coefficient S11 of the antenna in 
the 4.0–8.0 GHz band was measured in a microwave anechoic chamber 
with a vector network analyzer (N5227A, Agilent Technologies). At 
4.90 GHz, the transmission coefficient was less than − 10 dB and S11 was 
a minimum, and this was the center frequency of the radiation. 

The gain patterns of the antenna for the E-plane (YOX) and H-plane 
(XOY) were measured, as shown in Fig. 8. As the antenna was deployed 
from 0◦ to 45◦, the magnitude of the main lobe of the E-plane changed 
from 5.19 to 2.12 dB, and the angular width (3 dB) changed from 79.2◦

to 49.5◦, narrowing to 29.7◦. The magnitude of the main lobe of the H- 
plane (cross-polarization) changed from 5.19 to 1.37 dB, and the 
angular width (3 dB) changed from 54.9◦ to 106.6◦, which is an increase 

Fig. 8. Antenna gain patterns: (a) E-plane with a deployment angle of 0◦. (b) H-plane with a deployment angle of 0◦. (c) E-plane with a deployment angle of 45◦. (d) 
H-plane with a deployment angle of 45◦. 

J. Zhang et al.                                                                                                                                                                                                                                   



Composite Structures 296 (2022) 115879

8

of 51.7◦. This shows that the electromagnetic energy radiated by the 
antenna diverged, so that the gain fell during the deployment. 

6. Conclusions 

This paper presents a structure fabricated with square plates and 
cylindrical shells. The following conclusions are drawn: 

(1) A mechanical spring model was established to study the 
deployment of the designed structure. The elastic deformation energy 
stored in the mechanical system was calculated, and the applied force 
was derived from the displacement. The mechanical characteristics of 
the structure were obtained and the accuracy was verified through ex-
periments and FEM. The snap-through curve of the structure is a non- 
linear superposition of the two cylindrical shells. If the length, thick-
ness, etc. of the cylindrical shell are reasonable, then snap-through can 
be realized at any angle. 

(2) The deployment mechanism and parameterization of the struc-
ture were analyzed. The snap-through characteristics of the cylindrical 
shell were analyzed, and the deployment of the designed structure was 
studied. Experiments and simulations were used to explore the config-
uration and calculate the force vs. displacement curve of the designed 
structure. Initially after the instability, less energy was required to make 
the bend. The structure has a high bending stiffness, which is good for 
shape retention. The section moment of inertia of the designed structure 
was significantly increased, which may be useful for aerospace 
applications. 

(3) A stretchable microstrip antenna was designed to achieve high 
gain for the same center frequency for different deployment angles. With 
the gradual deployment of the system, the tensile elongation of the 
antenna was 17.8% but the center frequency did not change much. The 
measured and simulated results are in good agreement. The electro-
magnetic energy radiated by the antenna diverged, so that the gain 
reduced after the deployment. 

This analysis of the deployment of a flexible kirigami structure may 
provide guidance for the application of deformable structures. 
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